THE LOWER CENTRAL SERIES QUOTIENTS OF A FREE
ASSOCIATIVE SUPERALGEBRA

ASILATA BAPAT

1. INTRODUCTION

Let A, = C(z1,...,z,) be the free associative algebra on n generators. Then
Ay, is also a Lie algebra with the commutator [a,b] = ab — ba. We can consider the
lower central series filtration Ly 2O L1 D Lo--- of A,, defined by L1(A4,) = A,
and L;+1(A,) = [Li(A4,),As]. We also consider the associated graded algebra
B(An) = @i Bi7 where Bz = Li/Li+1~

The vector spaces B; were first studied in [FS07] and later in [DEO§] and [AJ09].
In this project, we generalise the results from these papers to the analogous results
on superalgebras. Namely, let A,, ,, be the free superalgebra on m even and n odd
generators. We can regard it as a Lie superalgebra with the commutator denoted
by {a,b} = ab — €4 pba. Using this commutator, we can construct the lower central
series filtration and its associated graded algebra as before. The eventual goal of
this project is to generalise the results for A,, suitably so that they will be true for
any symmetric tensor category (see, e.g. [Mac71]).

In [FS07], the authors prove that the vector space Ba(A,) is isomorphic to the

even exact differential forms on C", denoted by Q¢%(C"), and that a certain quotient
B1(A,) of Bi(A,) is isomorphic to Q¢(C™)/Q2(C™). In this paper, we outline
the proof of the generalised result, which states the following:
Theorem 1.1. Let K, be the space Apmn{Ammn,{Ammn, Amn}}Amn. Then
Ao/ Km n is isomorphic to QY (C™™ and B, (Apm.n) is isomorphic to QS v(cminy,
The space B1(Am.n), defined as the quotient of By(Am.n) by the image of Ky, pn in
Bi(Am.n), is zsomorphzc to Qev(C™™) /Qev(cmin).

We then use this result to compute an explicit formula for the Hilbert series of
By (As.n), as follows.

Theorem 1.2. The Hilbert series of By is given by the following formula:

A+uw) 1o (1+v) & U; " v, 1
B . 1/ _ J .
2) 4 H (1—u) Ea—uj) ;2(1—%) ;2(1+uj) 4

We then revisit the completely even setting of this problem and consider the lower
central series quotients of A,. It has been shown in [ES07] and [DE0S] that each
space Bi(A,) is a W,,-module which can be written as a direct sum of irreducible
modules F), where )\ is a Young diagram. In [AJ09], the authors prove a bound on
the size |\| of such a Young diagram. We use this bound to prove a bound on ||,
which is the number of squares of A that do not lie on the first column. Our bound
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is uniform for all Bi(A,,) with a fixed k. Our result implies that as n grows, the
corresponding Young diagrams for By (A,) only grow in the first column, because
the number of squares away from the first column is finite and independent of n.

We have used the computational algebra system MAGMA to compute the dimen-
sions of the multi-graded components of By (A, ) for some small values of k, m,n.
From these computations we have conjectured a rational form for the Hilbert series
for some of them. We have also formulated the following conjecture:

Conjecture 1.3. The Hilbert series of Br(Amn) is a rational function for any
k,m,n.

Additionally, we have formulated some more general conjectures about the struc-
ture of By(Am.n). Let Wy, ,-mod be the category of W, , modules and let K be
the Grothendieck group of W, ,-mod. We define [G,] to be certain elements of K,
and conjecture the following:

Conjecture 1.4. For all By(Amn), we can write the following decomposition in
K:
(B (Am,n)] = Z[gA],

A€eS
where S is a finite set consisting of Young diagrams X\ that fit in the (m,n)-hook.

In addition, we have formulated the following conjecture based on computations
that we carried out in MAGMA:

Conjecture 1.5. The conjectured decompositions of [Br(A11)] for k = 3,4,5 are
as follows.

[B3(A1,1)] =[G,
[Ba(A1,1)] = [Gs,0)] + [G21,1))s
[B5(A1,1)] = [Ga1,0)] + [Ga)] + [Gs,1,1,0] + 91,1 + (G211,

In we provide some background material. In we sketch the

proof of [Theorem 1.1] In [Section 4] we use the result from to explicitly
compute the Hilbert series of By(Ay, p). In we prove an upper bound on
the size of X in a Young diagram A for which Fy occurs in the Jordan-Hélder series
of By(4,). In we describe our computations and the conjectures that we
formulated.

2. BACKGROUND

In this section, we briefly recall some terms and notation that we will need. We
begin by defining supervector spaces and superalgebras.

Definition 2.1. A supervector space V is a vector space with a (Z /2 7Z)-grading;
V =V ® V5. The subspaces Vi and Vi are called the even and the odd parts of
V' respectively. A morphism of supervector spaces is a vector space morphism that
preserves the degree in the (Z /2 Z)-grading.

Definition 2.2. A superalgebra A is both an algebra and a supervector space, such
that A; - A; C Ay for every i, j € Z /2.
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An element ¢ in a graded algebra is called homogeneous if it is entirely contained
in one of the graded pieces of A. When A is a superalgebra and a € A is homo-
geneous, we let |a| denote the degree of a (either 0 or 1). If a,b are homogeneous
elements of a superalgebra, we let ¢, = (—1)lell®l,

If V and W are supervector spaces, the tensor product V®W is also a supervector
space, with the following decomposition:

(VeW)= (VW) e (V1o W),
VeW) = (VoW e (V1o W).

Let V be a supervector space. The tensor superalgebra T'(V) on V is defined in

the usual way:
o0

T(V)=Pve.
i=0

The superalgebra structure on T(V') is the one induced from each summand V®.
T(V) is also Z-graded; the homogeneous elements of degree n are the tensors of
rank n. For clarity, we will refer to the degree corresponding to the Z-grading as
the Z-degree.

The symmetric algebra on V', denoted by S(V), is the quotient of T'(V') by the
two-sided ideal generated by

(a®@b—epb@alaecV;,beV;).
The alternating, or exterior, algebra on V, denoted by A(V), is the quotient of
T (V') by the two-sided ideal generated by

(aR@b+epb®alacVibeVj).

We denote by C™" = Ci' @ CT the supervector space whose even part is C™
and whose odd part is C™.

Example 2.3. The following example illustrates the definitions of S(V) and A(V)
for a supervector space V.

(1) Let V.= C™°.  The space S(V) is the polynomial algebra over C with
m generators. The space A(V') is the alternating algebra over C with m
generators.

(2) Let V.= C%". The space S(V) is the alternating algebra over C with
n generators. The space A(V') is the polynomial algebra over C with n
generators.

We let A, denote T(C™™). That is, A is the free superalgebra with m even
generators n odd generators.

Remark 2.4. The algebra A,, ,, is the same algebra as A,,,, but we regard it as
a superalgebra.

Definition 2.5. A Lie superalgebra 2 is a supervector space with a morphism
{-y-}: ARA — A of supervector spaces such that:

o Super skew-symmetry: {z,y} = —e, ,{y,x} for every homogeneous x,y in
AL
o The super Jacobi identity:

62,1{557 {y7 Z}} + EI,y{y7 {27 x}} + Ey,2{27 {.%', y}} =0,
for every homogeneous x,y, z in 2.
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It is clear that an associative superalgebra becomes a Lie superalgebra with
bracket {z,y} =2 -y — €z 4y - x.

Definition 2.6. The lower central series of a Lie superalgebra 2 is defined as the
filtration
A=Ly(A) 2 La(A) 2 Ls(A) 2 -+ -,
where L;y1(A) = {L;(A), A}.
Notice that {L;,L;} C L;;; for each ¢, j.

Definition 2.7. Given a Lie superalgebra 2L, the associated graded Lie superalgebra
B(2l) is defined as

The spaces L;(Anm ) and B; (A, ) will be the main focus of the remainder of
this paper. For short, we will denote these by L; and B; respectively.

3. A GENERALISATION OF THE FEIGIN-SHOIKHET ISOMORPHISM
Feigin and Shoikhet proved the following facts in [FS07].

Theorem 3.1 ([FS07]). Let K,, be the space A,[An, [An, Anl|An. Then A, /K, is
isomorphic to QU (C™), the algebra of differential forms on C". The space Ba(Ay)
is isomorphic to the exact forms Q¢(C™). The quotient Bi(A,) of B1(A,) by the
image of K,, in B1(A,,) is isomorphic to Q¢ (C")/QY(C™).

This section generalises these results to the algebra A, ;.
We first define the analogous notion of differential forms on a general supervector
space.

Definition 3.2. Let V be a supervector space. The algebra Q(V') of differential
forms on V is defined as

QV)=8{V)e AV).

Remark 3.3. If A and B are superalgebras, the multiplication in the tensor prod-
uct A ® B is defined on homogeneous elements a,c € A and b,d € B as

(a®Db)-(c®d) =ep(ac® bd).

We will sometimes denote the product in A(V) by the A sign and call it the
wedge product. Also, we will usually drop the ® sign and write a ® b as a - b or ab.

The space Q(V) is also Z-graded by the degree of the form, which is the degree
of the portion that comes from A(V). For example, the subspace S(V) of Q(V)
lies in degree 0, and is called the space of 0-forms. We will denote the degree
corresponding to this grading of an element a by deg(a).

The space (V) is equipped with a linear map d: Q(V) — Q(V) defined as
follows. On the space S1(V), the map d sends every element to the corresponding
element in A'(V), via the identification S1(V) = A}(V) = V. On AY(V), the map
d sends every element to 0.

Remark 3.4. Q(V) is generated as an algebra by S1(V) =V and d(V).
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Using the preceding remark, the map d is extended to Q(V) by the following
rule: d(a-b) = d(a) - b+ (—1)%8@)q . d(b). Notice that deg(d(a)) = deg(a) + 1,
where for convenience we regard 0 to have degree co.
Lemma 3.5. The composition dod: Q(V) — Q(V) is the zero map.
Proof. We know that d is zero on A'(V), so d®> = d o d is zero on A (V). Also, we
know that d(S*(V)) = AY(V) so d?(SY(V)) = 0.

We now prove the result by induction on the degree of the form. Suppose that

d? is zero on all forms of degree at most k. Let a be a 1-form and let b be a k-form.
Then we have:

d*(ab) = d(d(a) - b+ (—1)%@q . d(b)),
= d?(a) - b+ (=1)%Dq(q) - d(b) + (1) d(a) - d(b) + a - d*(b),

because d?(a) = d?(b) = 0 and deg(d(a)) = deg(a) + 1. Therefore the result is true
for all forms of degree k + 1. By induction, d? is the zero map. ]

A element w of Q(V) is called a closed form if d(w) = 0. An element w of (V)
is called an ezact form if there exists an element a of Q(V') such that d(a) = w. For
forms of degree greater than 0, these two notions are equivalent by the well-known

Poincaré lemma for the super de Rham complex.
The space S(V) ®@ A¥(V) of even forms on V is denoted by Q¢*(V).

Remark 3.6. The space Q¢’(V) is a super-commutative algebra. Namely,
a-b=c¢€.pb-aq,
for a,b that are homogeneous by the (Z /2 Z)-grading.

We define the Fedosov product on Q(V') as follows. For any two elements a, b of
Qv),
axb=a-b+ (—1)%edq . db.
It is easy to check that this product is associative. The space Q(V') with the Fedosov
product is denoted by Q, (V).
Now we restate the generalisation of the Feigin-Shoikhet result to Ay, .

Theorem 1.1. Let K,,, be the space Apmn{Amn;{Ammn, AmnttAmn. Then
A/ Km n is isomorphic to Q%Y ((len) and Ba(Ap,. n) s isomorphic to QY ((len).

The space B1(Am.n), defined as the quotient of By(Am.n) by the image of K, pn in
B1(Ap.n), is isomorphic to Qe (C™Imy /Qer (cminy.

exr

Let A = A, and Q¢ = Q°(C™"). We denote the generators of ng\n by

21,y Zm+n and the generators of (an‘n bY Zmat1s- -y Zmtn-

Definition 3.7 (Feigin-Shoikhet map). We define the Feigin-Shoikhet map ¢ as
follows:

@ A—QF,
2 %
We can now prove the following lemma.

Lemma 3.8. The map ¢ is surjective.
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Proof. We first prove that all 0-forms in Q¢ occur in the image of A, as follows.
We know by definition that the generators {z;} occur. Now suppose that the
monomials m; and ms occur as the images of a; and as respectively. Then the
monomial mq - my occurs as the image of %(alag + €a; .450201). By induction, all
monomials occur in the image of A and by linearity, all O-forms occur in the image
of A.

For all 4, j, the form dz; A dz; occurs in 2" as the image of %{z,, z;j }. Therefore
the wedge product of any two generators occurs in the image of A.

We know that a general form w in QS¥ is a linear combination of terms of the
form f-dz - - dzok, where f is some O-form and zi, ..., 29, are distinct generators
of A. But we can write such a term using the Fedosov product as

f#(dz1 Adza) % -+ % (dzog—1 A dzag).

Since each piece of the preceding Fedosov product occurs in the image of A, the
form w must also occur in the image of A. Thus the proof is complete. O

Outline of proof of[Theorem 1.1 We first show that ¢ induces the isomorphism
A/K =2 Q. A straightforward computation shows that ¢({A4,{4, A}}) =0, so K

belongs to the kernel of .

To show that K is exactly the kernel of ¢, we will show that the induced map
¢ AJK — Q¢ is an isomorphism. We now consider a presentation of Q¢¥ by
generators and relations, and show that ¢’ is an invertible map that preserves the
relations.

Let n;,; denote the form 2dz; A dz; in Q¢¥. Let X = {z1,..., Zmyn}. The space
of all even forms Q¢ is generated by X, subject to the following relations:

(1) a-b=-¢€gpb-aforall a,be X.
(2) Ni,j = —ezi,zjnj7i for all Z,j
(3) MNi,g Mkl = *Gz]',zkni,k * Myl for all iaja ka l.

We know that ¢ maps z; to z;, and {z;, 2;} to 1; j. We can check the preceding
relations as follows.

(1) The super-commutativity checks are straightforward.
(2) For all z;, z; in A, the following is true by definition:

{2i, 2} + €2 2,{25, 2} = 0.
If we apply ¢’ to the identity above, we get 7; ; = —¢., -, 7;.:-
(3) For all z;, zj, 2, z; in A, we have the following identity:
{zio 2} - {a, 2} + €2 {7 2} - {25, 21}
= €225 €212 11250 20 1y i+ €2 zi{ e {25, a0}
+ {H{zis 25} 2 21 — €25 00 €25 2 €20 0 ({2021, 21} 25}
Notice that each of the terms on the right hand side of the identity belongs
to K, so the left hand side also belongs to K. If we apply ¢’ to this identity,
we get 75 - Mkl = —€z;,2,Mik * Mj,0-

Remark 3.9. Each identity above is a super analogue of the identities in [FS07].

Therefore Ker(¢') =0, and so A/K = Q.
We now show that the spaces Bi(A) and Q¢ /Q¢ are isomorphic. Notice that
v({a,b}) = 2da Adb, which is exact because d(a-db) = daAdb. Therefore the image
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of Ly under ¢ lies in QY. By a proof that is similar to the one above, we can show
that ¢ |1, is surjective onto Q€Y.

We know that B;(A) = A/Ls and also that A/K = Q°¥. From this it is clear
that By (A) = Q°v/Qev.

To prove that By(A) = QY

ex?

Lemma 3.10. The intersection Lo N K is Ls.

it is enough to prove the following lemma.

Assuming [Lemma 3.10, we can argue as follows. By is the quotient Ly/L3. But
we know that Ly/K = Q. So
By = Lg/Lg = L2/(L2 ﬂK) = LQ/K = Qi;

Therefore proving that Ba(A) = QS reduces to proving [Lemma 3.10

The proof of the analogue of [Lemma 3.10] as given in [FSQO7] is based on the
representation theory of gl(n). In particular, it is based on an application of Schur-

Weyl duality. We can apply the same arguments to gl(m|n), but we omit them. O

4. THE HILBERT SERIES OF Ba(Ap, 1)

We have outlined a proof of the fact that Ba(Ay, ) is isomorphic to the even

exact forms Q¢ (C™™). For the remainder of the paper, we will assume this result.
In this section, we will construct an explicit formula for the Hilbert series for Bs.

Definition 4.1. Let R = @; R; be a (Z=°Y™ -graded algebra such that each R is
finite-dimensional. Then the Hilbert series of R, denoted by h(R), is the following
formal power series:

h(R) = dim(Ry)t} ---tir.

We know that Bg(Ay,.,) is (Z=°)™+"-graded by the multi-degrees of the gen-
erators. Moreover, it is clear that each graded piece is finite-dimensional, because
By (A, ) is a subquotient of the free superalgebra A,, ,, for every k. Therefore the
Hilbert series of By(A,,,) is well-defined.

In the Hilbert series of Bs, let the variables uq,...,u,, correspond to the even
generators and let vy, ..., v, correspond to the odd generators.

Theorem 1.2. The Hilbert series of By is given by the following formula:

n

1o (T4+w) 1o 1+, - Wi Yj L
h(BQ)_ZL'iUElJ—Fui%.Hgltvj;_22(1—“i)_22(1+”j)_4.

1 j=1 i=1 j=1
Proof. We begin by noting that
W(Bs) = h(Q) = > h(QZ).
i=0

The map d: Q(C™™) — Q(C™™) gives rise to the following complex:
4. i1 LN QO LN i+l AN
This sequence is exact except for a copy of C at i = 0. For all other i, we can write
the following;:
QL /d(Q) =2 d(Q7F), or equivalently,

i+1 i+l ~ Oit2
Q /Q(’,I :J Qcm *
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Therefore we have the following equation for all ¢ > 2:
(1) h( Q) = MY = M(QZ).

We can rewrite the above formula as

i—1

(2) h(€Q%,) = D (~1) 7 (@) + (-1)

j=0
We know that Q(C™") = §(C™") @ A(C™™). From this,

[ (U +v) T2, (1 + tu)
[T (=) = (1= t)
where the variable ¢ is a counter for the degree of the form. Therefore h(Q?) is just

the coefficient of #* in h(Q). From [Equation 1| and [Equation 2, we can write the
following:

h(Q) =

2k—1
h(QZ) =3 (—1)""! Coeffy: (h(Q)) + 1,
=0
1ot —1
= Rest:() (h(Q) . % . W) + 1.

Notice that the term (t=2% —1)/(1 +¢~1) does not converge as a power series
unless [t| > 1. So we can compute this residue by taking a contour integral around
a circle v with centre at the origin and radius greater than 1. Therefore we can
write h(Q2%) as

h(Q%k) = 217”/7 (h(Q) : 1_+1t) + 217”/7 (h(Q)- fjkt) + 1.

An elementary computation shows that

1 -1
2mi J, (h(Q)- 1+t) =t

noh) = 5 [ (w55

Notice that there are no exact forms in degree 0. So we can consider h(Q2E2) to
be the sum >, <, h(Q22%), which simplifies to the following:

102 = 3 [ (40 Gy ) -1

The integrand has a simple pole at ¢ = 1 and a double pole at ¢t = —1. We can
calculate the integral by the method of residues (see, e.g. [AhI79]). This gives us
the required formula. O

So we get
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5. AN UPPER BOUND FOR F)

In this section, we focus on the completely even case, namely we consider A =
A, = A, 0. We will build on some previous results to establish an upper bound
on the number of squares away from the first column in all Young diagrams A for
which the module F) occurs in Bj(A).

Remark 5.1. In any symmetric tensor category, the symmetric group S,, acts on
n-fold tensor products in the natural way. Thus it makes sense to define Schur
functors S in symmetric tensor categories as multiplicity spaces of the irreducible
Sp module Wy, just as one does with gl(m) in the construction of Schur-Weyl
duality (see, e.g. [FH91]). In the coming months, we plan to develop the study
of lower central series in the generality of symmetric tensor categories, which in
particular encompass all of the categories gl(m|n)-mod considered in the present
note.

It is more or less straightforward to see that the key constructions for lower
central series (tensor algebras, associated graded components, differential forms,
etc.) make perfect sense in any symmetric tensor category, and that each B,, can
be built from Schur functors using the symmetric group action.

It is well-known that Schur functors Sy, are zero for gl(m) if and only if A contains
more than m rows. Thus when m is sufficiently large, each Schur functor S, is
faithful gl(m)-mod. This means that the bounds we prove here in the completely
even setting will apply to arbitrary symmetric tensor categories, and in particular
to all the categories gl(m|n)-mod.

Definition 5.2. Let W,, = Der(Clzy,...,xzy]) denote the Lie algebra of polyno-
mial vector fields:

W, = @C[ml, ey Xn)0s,
i=1

with the Lie bracket defined as
9q op
[p0;, q05] = P 01— 15,0

1
(9$j

We know from [FSO7] that By (A) is a W,,-module for each k > 2. By combining
results from [FS07] and [DEOQS], we know that the composition factors occurring
in the Jordan-Holder series of By(A) are the irreducible modules Fy of W,,, each
occurring with finite multiplicity.

The main theorem from [AJ09] establishes a bound on the size of A for those Fy
that occur in the Jordan-Hélder series of By (A). The theorem is the following.

Theorem 5.3 ([AJ09]). Let k > 3.
(1) For Fy in the Jordan-Holder series of By(A),

_2
|>\|<4k—7+2v2 J

(2) Let n =2 or 3. For Fy in the Jordan-Hélder series of Bi(A),
Al <2k —3.
Given a Young diagram ), let X be the Young diagram obtained by deleting the

first column of A. The following theorem gives a bound on the size of A that is
independent of the number of variables n. The significance of this is that we get



10 ASILATA BAPAT

only a finite collection of possible diagrams ), which may only be extended in the
first column. The independence on n, combined with implies that this
same finite collection of diagrams and their extensions in the first column describe
each By(A,n) as well.

Theorem 5.4. Let k > 3.
(1) For Fy in the Jordan-Holder series of By, we have

(2) Let n be 2 or 3. For Fx in the Jordan-Hoélder series of By, we have
IA| <2k — 5.

Proof. Let n = 2 or 3. We know from |Theorem 5.3| that if Fy occurs in By(A),
then |A| < 2k — 3. Moreover, the modules F{,y do not appear in By(Az) for k> 3,

because they correspond to the generator zj, which does not occur in By(As).
Therefore A must have at least two rows. From this it is clear that [A\| < 2k — 5.

For n > 4, we prove the result by induction. Suppose that p —1 > 2 and that all
F occurring in By (Ap,_1) satisfy the bound. Now consider some Fy which occurs
in Bk (Ap)

If X has less than p rows, let p = (A1,...,Ap—1). Then F, occurs in By(Ap_1).
So || < 4k —9 by the induction hypothesis. The diagram A cannot have more than
p rows, because it is the Young diagram of a gl(p) module. So we may assume that
A has p rows.

From the bound in [Theorem 5.3 we deduce the following:

—2
/\1+~~-+)\p§4k—7+2v)2J <4k —T+p-2.

We know that |A| is A\; + -+ + Ap — p. Using the preceding inequality, we get the
desired bound:
[A| < 4k —9.
O

Remark 5.5. It is conjectured that the bound in [Theorem 5.9 can be improved
to 2k — 3 + QL”T_QJ for all n. Assuming this conjecture, the bound in [Theorem 5.4
can also be improved to 2k — 5 for all n. Improving the bound in is

one of the goals for future work on this subject.

6. COMPUTATIONS AND CONJECTURES

We carried out several computations using the computational algebra system
MAGMA, from which we were able to conjecture Hilbert series for By (A, ) for
some small values of k,m,n. Additionally, we have formulated some more general
conjectures that are supported by the computational data.

6.1. Conjectures from Computations. We now present some of the computa-
tions that we carried out using MAGMA. We computed the bi-graded Hilbert series
for By (A1 1) up to total degree 11 and the bi-graded Hilbert series for By (Ag,2) up
to total degree 11. The dimensions of the graded pieces seem to stabilise when the
total degree is high enough, for each By up to total degree 6. Beyond degree 6, it
is not clear from the computed data that the dimensions stop growing.
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Remark 6.1. We know a formula for the Hilbert series for Bs(A,, ) from
Our computational data was consistent with the formula from

The following result was proved in [AJ09]:
Theorem 6.2 ([AJ09]). For all n, B3(A,) can be decomposed as follows:

o0

B3(ATL) — @(2’ 121’—1’ 0n—21’)7

i=1

where (2,1%71 0"=2") denotes the irreducible W,,-module Fy corresponding to the
Young diagram X = (2,1%71,0"~2") when i < [%] and 0 otherwise.

Remark 6.3. Using and the ideas outlined in [Remark 5.1, we can
prove a similar result for any symmetric tensor category, and in particular we can
find the complete structure of B3(Am. n)-

Observing that the dimensions of the graded pieces stop growing after a certain
degree, we conjecture rational Hilbert series for By (A1 1) and By(Asy), for k =4, 5.

Conjecture 6.4. Let D = (1 —z)~Y(1 — y)~L. The conjectured Hilbert series for
Bi(A11) for k=4,5 are as follows:

h(Ba(A11)) = zy(z +y)* - D,
h(Bs(A1,1)) = ay(a +y)(@® +y* +ay + 2y + 2y®) - D.
The conjectured Hilbert series for By(Ao,2) for k =4,5 are as follows:
h(Bs(Aoz2)) = zy(z? + y* + 2y + 2%y?) - D,
h(Bs(A0.2)) = zy(z + y)(2* + y* + 2%y + 2y* + 2%y?) - D.
Based on the computational data, we also formulate the following conjecture:

Conjecture 1.3. The Hilbert series of By(Am.n) is a rational function for any
k,m,n.

6.2. Definitions and Other Conjectures. We first define some terms that we
will need.

Definition 6.5. Let W, ,, denote the Lie superalgebra Der(S(C™™));
Wm,n = S(len) ® (len)*

Notice that (C™™)* is (Z /2 Z)-graded by picking a basis and assigning |v*| = |v|
for homogeneous v. Then W,,, is also (Z /2Z)-graded in the usual way. The
bracket is defined in the same way as the bracket of W,,, with a sign correction
corresponding to the (Z /2 Z)-grading.

Let V = C™". Let W), ,, denote the subalgebra V @ V* of W, . Let W,
denote the subalgebra @, <, S*(V) @ V* of Wy,

Recall that the Lie algebra gl(n) is the Lie algebra End(C™), with [a, b] = ab—ba.

Definition 6.6. As a vector space, the Lie superalgebra gl(m|n) is

al(mln) = gl(m +n).
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Let C™"™ = V5 ® V;. Then
gl(m|n)s = Hom(V5, V5) & Hom(V7, V1),
gl(m|n); = Hom(Vj, V7)) & Hom(V7, V3).
The Lie superbracket is defined on homogeneous a,b as
{A,B} = AB — €4 pBA.

The algebra gl(m|n) is generated by the matrices {E; ; }, where E; ; has 1 in the
(i,7)t" place and 0 everywhere else.

Lemma 6.7. The quotient W), /WS is isomorphic to gl(m|n).

m,n

Proof. The space W), /W2, is spanned by the elements {z; ® 2} }, where cmin g
generated by the even generators z1, . . ., 2, and the odd generators z,,+1, . .., Zm+n-
We define a map from W2, /W2 to gl(m|n) as follows:

*
Z2i & Zj — Ei,j~

It is clear from [Definition 6.5] and [Definition 6.6] that this map is an isomorphism.
O

Let A be a Young diagram. We will say that A fits in the (a,b)-hook for non-
negative integers a,b if Apy1 < a. For each A that fits in the (m,n)-hook, we
can define a corresponding irreducible module of gl(m|n), denoted by V) (see, e.g.
[MLJO3]).

We can define W, ,,-modules F) that are analogous to the W,-modules F). We
do not discuss the W, ,-action on these Fy here, except to say that is
used to define this action. As modules of gl(m|n), the may be defined as follows.

Definition 6.8. If X is a Young diagram that fits in the (m,n)-hook, then we define
Fy as a gl(m|n)-module as

Fr = S(C™™) @ V.

Let A and p be Young diagrams. Then let A o u denote the diagram obtained
by appending p after A\, whenever the resulting diagram is a valid Young diagram.
For example, (3,2) 0 (2,1) is (3,2,2,1).

Let A be a Young diagram that fits in the (m,n)-hook. Let Fx be the W, ,-
module as defined in Let K denote the Grothendieck group of the
category Wy, ,-mod. Given a W, ,-module M, we will denote its image in K by
[M].

Definition 6.9. We define [Gy] € K as follows:

G2] =D [Froizr)]

k=0
Conjecture 1.4. For all Bi(A, ), we can write the following decomposition in
K:
[Bk(Am,n)] = Z[gA],

AeS
where S is a finite set consisting of Young diagrams X that fit in the (m,n)-hook.
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To verify we studied the available data for the bi-graded Hilbert
series for By(A;1). We computed the Hilbert series for Fy for some A that fit in
the (1,1) hook using the formula for the character of V) from [MJ03]. Comparing
these two computations, we conjectured the decompositions of [Bj(A1,1)] into a
sum of [G,] for some small values of k.

Conjecture 1.5. The conjectured decompositions of [By(A1,1)] for k =3,4,5 are
as follows.

[B3(A1,1)] = [G2,1)],
[B1(A1,1)] = [G3.1)) + [G2.1.1));
[B5(A1,1)] = [Ga1,0)] + G, + [Gs1,1,0] + 91,1 + (G111
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