TORUS ACTIONS AND TENSOR PRODUCTS OF INTERSECTION COHOMOLOGY

ASILATA BAPAT

ABSTRACT. Given certain intersection cohomology sheaves on a projective variety with a torus action, we relate the
cohomology groups of their tensor product to the cohomology groups of the individual sheaves. We also prove a similar
result in the case of equivariant cohomology.

1. INTRODUCTION

Let X be a smooth complex projective variety together with an action of an algebraic torus T with isolated fixed
points. We fix a regular algebraic one-parameter subgroup A: C* — T, which means that the set of A-fixed points
on X equals the set of T-fixed points on X (denoted XT). Consider the Biatynicki-Birula decomposition (see, e.g.,
[BB73]) of X: for each w € XT define the plus and minus cells to be respectively

U,=U!={x EXl%irr&A(t)-xzw}, t € C*, and
U,={xeX|lim A(t)-x=w}, teC".
t—00

Each plus or minus cell is a A-stable affine space, and hence the decompositions X =] [, .+ U, and X = [ [, oy U,
are cell decompositions. For the purposes of this paper, we make the following additional assumptions on the
T-action on X.

Assumption 1.1. The cell decompositions X = [ [,,cyr U, and X = [ [,,cy+ U,, are algebraic stratifications of X. In
particular, the closure of every plus (resp. minus) cell is a union of plus (resp. minus) cells.

Assumption 1.2. For each w € XT, there is a one-parameter subgroup A,,: C* — T and a neighbourhood V,, of w
such that lim,_,4A,,(t) - v =w for every v € V,, and t € C*.

Through most of this paper, we use the word sheaf to mean an object in DﬁBB(X ,C), the bounded derived
category of sheaves of C-vector spaces on X that are constructible with respect to the Biatynicki-Birula stratification.
(Here we make use of Assumption 1.1.) Moreover all functors are derived, so for ease of notation we omit the
decorations R and L.

For each w € X7, let IC,, denote the intersection cohomology sheaf on the closure of the cell U,,, extended by
zero to all of X. The main theorem of the paper describes the cohomology of the tensor products of a collection of

IC,,, in terms of the tensor products of the cohomologies of the individual IC,,.

1.1. Main result. Let A: X — X™ be the diagonal embedding. Consider any sheaves & 1,..., %, in chBB(X ,C).

Then their (derived) tensor product is also a sheaf in ch’BB(X ,C), and will be denoted by ¥, ®:--® & ,,. Recall
that
F10®F,=ANF KRBT ).
For any sheaf &, its cohomology H* () = H* (X, &) is a graded vector space. There is a natural cup-product
U:H*(%,)®---®H*(Z,) > H (F,9--®%,,), defined in Subsection 2.2.
Let C denote the constant sheaf on X. For any sheaf &, its cohomology H* (&) is naturally a (graded) left and
right module over the (graded) ring H(X) =H* (X s Q), as follows:

U:H(X)®H' (Z) > H* (Ce F)— H*(F),

U:H’(ﬁ)@H(X)HH'(?@Q)iH'(ﬁ).
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Moreover, the cup-product descends to a morphism

H*' (%) ® -+ ® H'(Z,) > H (%,9---©%,,).
HX)  H(X)
Theorem 1.3. Let (p;,...,p,) be an m-tuple of T-fixed points of X. If the assumptions 1.1 and 1.2 hold, then the
cup-product map
1 H*(IC, ) ® --- ® H*(IC H*(IC, ®---®IC
€y ( pl)H(X) HOO ( pm)_’ ( P1 pm)

is an isomorphism.

Since X is a T-space, each IC sheaf IC, carries a canonical T-equivariant structure, and so does the tensor
product IC, ®---®IC, . Let Hy(X) = H;, (X C) be the T-equivariant cohomology of X. For any T-equivariant
sheaf & on X, its T-equ1var1ant cohomology H3(Z)=H;(X,Z)is a graded Hy(X)-module. As before, there is a
cup-product map for T-equivariant cohomology, which factors through H;(X).

Theorem 1.4. Under the assumptions 1.1 and 1.2, the cup-product map
H: (IC ® -- IC, — H(IC, ®---®IC
10,) 8, 8, 13 (16, )~ B (16, -1, )

is an isomorphism.

Remark 1.5. Even though our results are stated using IC sheaves, it is possible that they generalize to parity
sheaves (defined and discussed by Juteau, Mautner, and Williamson in [JMW]). Our results and proof methods
are similar to the main theorem from Ginzburg’s paper [Gin91]. In [AR13, Theorem 4.1], Achar and Rider prove
a version of Ginzburg’s theorem for parity sheaves on generalized flag varieties of a Kac-Moody group. Similar
generalizations may work in our case as well.

2. SETUP

2.1. The Bialynicki-Birula stratification. One can find (see, e.g. [Sum74] or [Kam66]) a T-equivariant projective
embedding of X into some PV, such that the action of T on PV is linear. Consider the following standard Morse-Bott
function on PV ;
N 2
Zi:o Ci |Zi |

pIAL

where c; are the weights of the A-action on PV. The critical sets of this function are precisely the T-fixed points
on PV, The Morse-Bott cells of this function are locally closed algebraic subvarieties of PV. Since X has isolated
T-fixed points, one can show that the composition f : X — PN — R is a Morse function with critical set X (see,
e.g. [Aud04]). Each cell of the Morse decomposition under f is a preimage of a Morse-Bott cell of PV. Hence it is
a locally closed algebraic subvariety of X. Moreover, each cell of the Morse decomposition is known to be a union
of Biatynicki-Birula plus-cells. A discussion of this may also be found [CG10, Section 2.4].

The collection of fixed points of the A-action carries a partial order, where v < w if U, C U,,. By the previous
discussion, we see that v < w iff f(v) < f(w). Fix a weakly increasing enumeration {0, 1,...,N} of the points of
X" (sometimes denoted {wy,...,wy}), and set X,, = | J,,, U;. Since the closure of every plus cell is a union of
plus cells, it follows from the previous discussion that each X,, is a closed subvariety of X.

Similarly, set X = J;5,, U . By using the Morse function (— f) instead of f, we see that each X is a closed
subvariety of X. Hence we obtain two increasing filtrations of X by closed subvarieties: X, C --- € Xy =X and
Xy C-CXy =X.

We have the following inclusions:

[2g: - :2y]—

Xy DX, X DX, U,

For any point p € X, we have f(w,) < f(p), with equality only if p € XT. For any point p € X,,, we have
f(p) < f(w,), with equality only if p € X". Hence if p € X, NX,, then f(p) = f(w,), and p € X". But
X nX,NnX" = {w,}, and it follows that p = w,. Hence for every n, the subvarieties X and X, intersect
transversally in the single point w,.

Let ¢, € H* (X) be the Poincaré dual to the homology class of X' . As a vector space, H* (X) is generated by the
collection {c,}. Finally, fix an m-tuple (p,...,p,) of T-fixed points of X, and set L; , = i;l IC,, for each j and n.
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2.2. The cup-product in cohomology. Let t: X — pt be the unique morphism to a point. For any sheaf % on
X, its cohomology H* () is a graded vector space, and may be thought of as 7, &. We use this to define the
cup-product map.

Recall that the functors (n™!, 7r,) form an adjoint pair, which has a counit 77! o 7, — id. Let Z,...,Z,, be
sheaves on X. Tensoring the counit maps together, we have a map

nlon(ZF)® 0nlon(F,)—>F 10 @F,.
The left hand side is canonically isomorphic to 7~ (7, Z,®---® n, Z,,). Using the (n™!, 7,) adjunction once
more, we obtain the cup-product:
U:n, 7,901, 7,>n(F,9---0F,).

The cup-product gives each H® (&) the structure of a left and right module over H(X). This module structure
induces the following map, also called the cup-product:

H' (%) ® -+ ® H'(Z,) > H (%,9---©%,).
H(X) HX)

Proposition 2.1. For every n, the cup-product map

2) H* (Ll’n)H%)() . “H%()H. (Lpn) > H (L1, ® - ® Ly )

is an isomorphism.

When X, =X, we have L; , = IC,, for each j. Hence Theorem 1.3 follows from this proposition, and we now
focus on proving the proposition.

3. PROOF OF THE ISOMORPHISM

We prove Proposition 2.1 by induction on the nth filtered piece of X, C - -+ C X} . In the base case of n =0, the
space X, is zero-dimensional. Hence each sheaf L; , is isomorphic to its cohomology. In this case the cup-product
map (2) reduces to the identity map, which is an isomorphism.

Now we prove the induction step on the filtered piece X,,. We mainly use the following distinguished triangles:
3) wu 'L, > L, = v,y L,
@ v,v!Lj’n —Lj,— u*u_le,n.
After taking cohomology, each of the above distinguished triangles produces a long exact sequence. In our case,
all connecting homomorphisms of these long exact sequences vanish (see, e.g. [S0e90, Lemma 20] and [Gin91,
Proposition 3.2]).

For brevity, we will use the following notation through the remainder of the paper.

Mm,n = LZ,n ®---® Lm,n,
Am,nzH.(LZ,n) ® -+ & H.(Lm,n):

(5) HX) HX)
Bm,n =H"* (U*U_le,n) H%() te H%() H*® (u*u_le,n) .

The following two lemmas prove the proposition on the open part U, in X,,.

Lemma 3.1. Let & and ¢ be any complexes of sheaves on U,, with locally constant cohomology sheaves. Then the
cup-product map

U:H*(uZ)®H® (u, %) - H" (u, 7 ®u,¥9)
is an isomorphism. Since U factors through the surjection

H*(uZ)®H* (u,9)>»H" (u,Z) © H (u, %),
H(X)

the induced cup-product
U: H* (u Q)H%)H° (u,9) - H* (v, F ®u,¥)
is also an isomorphism.

Proof. Consider the following commutative diagram, where 7 is the projection to a point.
3



U, —— X,

Ny

pt

Recall that if A and B are any two complexes on X, then the cup-product is induced by adjunction from the
natural map

n ' (nA®nB)En 't A®n 'n,B>A®B,
which may be broken up as follows:
nlnA®n 'n,B—>A® 1 'n,B—>A®B.
Therefore the cup-product map may be broken up as follows:
nA®mn,B— n(A®n 'n,B) - m,(A®B).
In our case, this becomes the following sequence of maps:
o FOmu, Yo, (u T en  nu, 9o, (u F ou, 9).

Since 7 is a proper map, we know that 7, = ), and hence y, is an isomorphism by the projection formula. It
remains to show that u, is an isomorphism.

The pair of adjoint functors (n ™, 7r,) gives the counit morphism p~'p, ¥ — u~'u, 4. The key observation is
that this map is an isomorphism, because ¥ is a direct sum of its cohomology sheaves on the affine space U,,. Now
consider the following commutative diagram.

wFen 'nu, 9 Ti)’ u(Z ep'p.9)
(6) HzJ{(counit) EJ{(counit)

u Feu, Y Tij)> u(Z ou'u, 9)

The map u, is obtained by applying the functor 7, to the left vertical map in (6) above. The diagram shows that
this map is an isomorphism, and hence u, is also an isomorphism. ]

Lemma 3.2. The cup-product map induces an isomorphism

H* (wu Ly ) 2 B SH (U (Ly, ® Myy,).

Proof of lemma. Using Lemma 3.1 for & =u 'L, , and ¢ =u 'L, ,, we obtain an isomorphism
H* (wu'Ly,) %9 )H' (wuLy,)—H" (wu 'Ly, ®@uuLy,).
" HEX g ' ’ g

~

Moreover, we know that u_lu*u_leJl = u_lLQ,n. Using this fact and the projection formula, we have
H*® (u!u_lLLn ® u*u_le,n) =H* (u! (u_lLl,n ® u_lu*u_le,n))
= H* (wu (L, ®Ly,)).
All together, we get an isomorphism
H* (wu 'Ly ,) ? )H' (wuLy,) > H (wu (L, ®Ly,)),
M HEx ’ ' ’ ’
which can be written in our previously-introduced notation as

H* (wu 'L, ,) Hg{) By, Su (wu (L1, ® My,)).
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Now we can successively tensor the above map over H(X) with the spaces H® (u*u’lLi,n), with i ranging from
3 to m. Each time, we apply Lemma 3.1 for & =u"'(L,,® M;_;,) and ¥ =u"'L;, and use the argument above.
Ultimately this construction yields

L

H* (u!u_lLl,n) H%() Bm,n H* (u!u_l(Ll,n ® Mm—l,n)) H%{) H* (u*u_le,n)

H. (u!(uil(Ll,n ® Mm,n)))
HC. (u_l(Ll,n ® Mm,n)) .

L

12

The next lemma is a refinement of a standard cohomology exact sequence to our particular case.

Lemma 3.3. There is an exact sequence

H* (uwu™Ly,) H% )Bm,n —H*(Ly,) H%( )Am,n —H*(voy 'Ly ,) HE83< )Am)n - 0.

Proof. Consider the distinguished triangle (3) for the sheaf L, ,. Taking cohomology and applying the functor
) %D)Am ., We obtain the right-exact sequence
HX)

ol Fooe e
H* (wu lLLn)H% )Am’n—>H (Ll’n)Hg )Am’niH (v,v lLLn)H% )Am’n—>0.

Using the distinguished triangles (4) for each of the sheaves L; , for j > 2, we have surjective morphisms
H*(L;)»H" (wuL;,).
Taking the tensor product of all of these along with H*® (u,u‘lLLn), we obtain a surjective morphism
H (wu'Ly,) @ )Am’n—h»H‘ (wp™L1,) 8 B
We now show that the map f factors through the map h, by showing that f (kerh) = 0. Since all boundary
maps in the cohomology long exact sequence of the triangles (4) vanish, the following set generates ker h:
{a,8a,8--®a,|a; €H*(v,v'L;,) for some 2 < j < m}.

Consider any element a; ® a, ® - -- ® a, € kerh. Suppose that a; € H* (v*v!L j,n). Recall the following commutative
diagram, which is the content of [Gin91, 3.8a].

H* (viv'Lin) —— H* (L) —— H* (0 7'L;,)

H* (L) —— HI (u7'L;)

J.n

From this diagram it follows that c,a; = 0, and that a, € ¢,H" (Ll,n). Since all tensor products are over H(X), the

image of h(a; ® --- ® a,) under f must be zero. Therefore f factors through h, and we obtain the desired short

exact sequence. O

Finally, we use the induction hypothesis to tackle the right side of the right-exact sequence from the previous
lemma.

Lemma 3.4. The cup-product map induces an isomorphism

H (v L1,) @ A SH (Lyyy ® My ).

wv



Proof of lemma. The cup-product map on the left hand side is the following composition:

H*(vov'Ly,) 8 A o H (vov'Ly,) 8 H (Mpn) > H (vv L1, ® M),

where the first map is the cup-product on the last (m — 1) factors, and the second map is the cup-product of the
first factor with the rest. The projection formula also shows that

H*(vov 'Ly ® My ) 2H (V'L ® Vv My ,) 2H (Ly g ® M)

By induction on m, we may assume that the cup-product A,, , — H* (Mm’n) is an isomorphism, and hence the
first map above is an isomorphism. It remains to show that the following map is an isomorphism:

H*(v,v 'Ly ,) H%( : H* (M) = H (v 'Ly, ® M, )

The element ¢, € H acts on H® (V*Ll’n_l) by zero, since L, ,,_; is supported on X,,_;. Recall from [Gin91] that
the cokernel of ¢, on H* (Mm’n) is just H* (Mm’n_l). Hence
H*(v,v'Ly,) 2 )H’ (M) 2 H* (Lypq) 2 )H’ (Mpna)-

Hence the map above can be rewritten as the cup-product map

H* (Ll,n—l) H%() H* (Mm,n—l) —H* (Ll,n—l ® Mm,n—l) >
which is an isomorphism by the induction hypothesis. ]

We now apply Saito’s theory of mixed Hodge modules ([Sai90, Sai88]) to obtain another short exact sequence,
as follows. Every IC-sheaf has the additional structure of a pure mixed Hodge module, which induces a mixed
Hodge structure on tensor products of the L; ,..

Lemma 3.5.
(i) The cohomology H® (Ll’n ® Mm}n) is pure.
(ii) There is a short exact sequence

0> H (U (L1 ®Mpy,)) = H (L ®Mpp) > H* (Lyjp1 ® My q) — 0.

Proof. The proof is by induction on n. When n = 0, we have X_; =@ and U = X,,. The open inclusion u is the
identity map, and the closed inclusion v is the zero map, hence (ii) is clear in the base case.

The set X, consists of a single, T-fixed point of X. Call this point w. By Assumption 1.2, there exists a
neighborhood V,, of w and a one-parameter subgroup A,,: C* — T that contracts V,, to w. Let i, denote the
inclusion of {w} into the corresponding V,,. Let j,, denote the inclusion of V,, into X. By applying [ Spr84, Corollary
1] or [Bra03, Lemma 6] to the sheaves j;l IC,, for each i, we see that

H* Vi, J,11G,, ) = H® (1,17, 1C,, ) = H* (L )-

The functor H*(V,,,, j., 1(=)) weakly increases weights, while the functor H '(iv_v1 jV;l(—)) weakly decreases weights.
Hence H*(L; ) is pure for each i. Taking the tensor product, we see that H*(L; ) ® -+ ® H*(L,, ) is pure. Since w
is a single point, we can naturally make the following identification:

H*(Ly1g)® - @ H* (L) X H* (L1g® - ® Lyyg) =H* (L9 ® M,0).
Hence H* (L1,o ® Mm,O) is pure, and (i) is proved in the base case. A similar argument has been used in Lemma
3.5 of [Gin91].
For the induction step, consider the distinguished triangle (3) for L ,. Apply the functor (— ®Ly®®Ly,),
which may be written as (— ® Mm,n) in the notation of (5). This yields the following distinguished triangle:

wu 'Ly, ®My = Ly, ® My, = v,V 'Ly, ® My, .
By a repeated application of the projection formula, we may write the first term of this triangle as

ulu_lLLn ® M, = u (u_lLl,n ® - ® u_le,n) =uu? (Ll,n ® Mm’n) s
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and the third term of this triangle as
v*v_lLLn M, =, (v_lLLn ®® v_le’n) =v, (Ll’n_l ® Mm,n—l)'
Taking cohomology, we obtain the following long exact sequence:
oo H (U Ly, ® M) 2 H (L1 ® My ) > H (Ly oy ® My pq) =

The term H*® (Ll’n_1 ® Mm,n—l) is pure by the induction hypothesis.

From Lemma 3.2, we know that

° —1 ~ ° -1 ° —1 ° —1
HC (u (Ll,n ® Mm,n)) = HC (u Ll,n) H%{)H (u L2,n) H((%)() e H%()H (u Lm,n)-

Recall that U, is the Bialynicki-Birula plus-cell for the fixed point w,. Hence the A-action contracts U, to w,,. By
[Spr84, Corollary 2], we know that H? (u’lLLn) is isomorphic to the costalk of u™'L, ,, at w,, which is isomorphic
to a shift of the stalk of IC, at w,. For any i > 1, we know by [Spr84, Corollary 1] that H* (u‘lLi,n) is isomorphic
to the stalk of u’lLi’n at w,,, which is equal to the stalk of IC, at w,,. By using Assumption 1.2 and the argument
used earlier in this proof, we know that the stalk of each IC,, at any T-fixed point is pure, and hence the spaces
H*(u™'L,,)aswellas H* (u~'L;,) for i > 1 are all pure. Therefore the tensor product H® (v (L, , ® M, ,)) is
pure.

Since the terms on either side of the long exact sequence are pure, the connecting homomorphisms are zero,
and hence H* (Ll,n ® Mm,n) is also pure. This argument completes the induction step, and hence completes the
proof. O

Putting together the exact sequences from Lemma 3.3 and Lemma 3.5, we obtain the following commutative
diagram, where the vertical maps are induced by cup-products. In particular, the middle map b is just the map
from Proposition 2.1.

H* (u,u‘lLl’n)H%{)Bm’n — H* (Ll’n)Hg)Am’n — H* (v*v_lLLn)H%{)Am,n —0

% J f’ J

0— H (u (L1, ®Mp,) — H (L, ®M,,,) —> H* (L1, 1 ® M, 1) — 0

The leftmost map a is an isomorphism by Lemma 3.2. The rightmost map c is an isomorphism by Lemma 3.4.
By the snake lemma, the middle map b is an isomorphism as well, and Proposition 2.1 is proved.

4. COMPUTATION OF EQUIVARIANT COHOMOLOGY

Consider a smooth complex projective variety X with the same assumptions as in Section 1. The goal of this
section is to prove Theorem 1.4.

First we recall some constructions in equivariant cohomology. The main references are [BL94] and [ GKM98].
Fix a universal principal T-bundle ET — BT, where ET (respectively BT) is the direct limit over m of algebraic
approximations ET,, (respectively BT,,). Consider the following diagram, where the map p is the second projection,
and the map q is the quotient by the diagonal T-action.

ET xX
/ \
X ET xp X

Since each stratum U, is a locally closed T-invariant affine subvariety of X, the trivial local system on U,, gives

rise to a canonically-defined sheaf IC, on ET x; X, and a canonical isomorphism f: p~IC,, iq’lﬁ (see, e.g.,
[BL94]). The triple (IC,,IC,, B) is called the equivariant IC sheaf corresponding to U,,.
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4.1. Equivariant homology and cohomology. For any variety Y equipped with a T-action, the cohomology of
ET x1 Y is called the equivariant cohomology of Y, and is denoted by H7. (V). In particular, since ET xr pt = BT,
we have H} (pt) = H*(BT). The space H} (Y) is a ring under cup-product, and is also an Hy(X)-module via
pullback under the projection Y — pt. For convenience, we will denote H}. (X) by Hy(X). In our case, Hy(X) is
isomorphic to H*(X)®H*® (BT) as an Hy(X)-module (see, e.g., [GKM98, Theorem 14.1]). Similarly, the equivariant
cohomology of any T-equivariant sheaf on X also carries an H;(X)-module structure.

One can define the T-equivariant Borel-Moore homology of X, denoted H! (X). Every T-equivariant closed
subvariety Y of X defines a class [V ]; of degree 2dim¢ Y in HY (X). If X is smooth, then every class [Y ]; has an
equivariant Poincaré dual cohomology class in H}. (X). More details can be found in [Gra01] and [Bri00].

4.2. Proof of the equivariant case. Consider an m-tuple (ps,...,p,,) of T-fixed points of X. ThenIC, ,...,IC
are the IC sheaves corresponding to U, , ..., U, respectively. Let L; , = i;l IC,, for each j and n.

Pm

Proposition 4.1. Under the assumptions 1.1 and 1.2, the cup-product maps

Hi (L1,) H?EX) o HT(X)H; (Lmn) = Hi (L1 ® @ L)

are isomorphisms for each n.

When X, = X, we have L;, = IC,, for each j. Hence this proposition implies Theorem 1.4. To prove the
proposition, we first state two general lemmas about T-equivariant cohomology of sheaves.

Lemma 4.2. Consider the fiber bundle ET x X — BT, with fiber X. Let IC,, be the (T-equivariant) IC sheaf on
the closure of a stratum X,,, extended by zero to all of X. Then the Leray spectral sequence for the computation of
H3 (X;IC,)=H"* (ET X X; ICW) collapses at the Ey-page. Hence H; (IC,,) is isomorphic to H® (IC,,)) ® H* (BT) as a
graded H*(BT)-module.

Proof. See [GKM98, Theorem 14.1]. The proof uses the fact that the cohomology of BT = (CP*)4™T js pure. [

Lemma 4.3. Let Y be any T-space, and let & be a T-equivariant sheaf on Y such that the space H* (Y; &) is pure.
Then H3 (Y; &) is pure as well.

Proof. Recall that H; (Y,#)=H"* (E T x; X, ?) The result follows from computing the Leray spectral sequence
for the fiber bundle ET x; Y — BT, and by using that H* (BT) and H* (Y, %) are pure. O

We also record some equivariant analogues of results stated in Section 3. First note that the boundary maps in
the long exact sequences of T-equivariant cohomology for the distinguished triangles (3) and (4) vanish. The
proof is analogous to the non-equivariant case, using Lemma 4.3.

The following lemma is an analogue of Lemma 3.1.

Lemma 4.4. Let U =X,\X,_;. Let & and ¥ be any T-equivariant complexes of sheaves on U. Then the cup-product
map
U:H,(wZ) ® Hy(u,9)—H;uZeu,¥9)
H*(BT)
is an isomorphism. Since U factors through the surjection
H} (v, Z) H.%T)H; (u, 9)»H; (v, 7) H?EX)H; (u, 9),

the induced cup-product
Hy(uZ) © H;(u,¥9)—H; W Zou,¥9)
Hr(X)

is also an isomorphism.

Proof. Consider the fiber bundle ET x X,, — BT, with fiber X,,. The E, pages of the Leray spectral sequences for
u, & and u, ¢ are as follows:

HP(BT,HY(u, #)) = HY"(u, &),
H'(BT,H*(u, %)) = HJ"(u, 9).
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On the E, page, the cup-product map can be written as the composition of the following two maps. The first map
is the cup-product with local coefficients, and the second is the fiber-wise cup-product on the local systems.

HP(BT,H(u, #)) @ )Hr(BT,HS(u* 9)) - HP*"(BT,H(u, ) ® H'(u, 9)),
H*(BT

HPY'(BT,HY(u, ) ® H*(u, 9)) — HP*" (BT, HI* (u, & ®u, 9)).

Since the local systems H9(u, %) and H*(u, ¢) are constant on BT, the first map yields isomorphisms

H*(BT,HY(u, F)) w8 H* (BT, H*(u, 9)) —H" (BT,H(1, ) ® H*(u, 4)).

Finally, we know from Lemma 3.1 that H® (v, #) @ H® (u, %) =He (u, Z ®u, ¥) via the cup-product map. Alto-
gether, the cup-product maps on the E, page yield an isomorphism

H'(BT,H'(w ) ® H'(BT,H'(u.¥)) S HBT,H (1, 7 ®u, 9)).

The left hand side is a tensor product of two free H®* (BT )-modules over H®* (BT). Hence it converges to
Hy (u, F) t(X’ )H; (u, ¢4). The right hand side converges to H}. (u, & ®u, ¢). Since the E, pages of the left hand
H*(BT

side and the right hand side are isomorphic via the cup-product map, the following cup-product map

H; (wZ) ® H;(u,9)—H;(uZ®u,9)
H*(BT)
is an isomorphism. |

Let ¢, € Hy(X) be the equivariant Poincaré dual of [X, ];. Each ¢, restricts to the class c, under the map
Hp(X) — H*(X), hence the collection {c,} generates H;(X) over H* (BT).

The following lemma (analogous to [Gin91, 3.8a]) describes the action of ¢, on the equivariant cohomology of
the sheaves L; , on X.

Lemma 4.5. For every j, the action of ¢, on Hy. (L j,n) fits into the following commutative diagram:

Hy (Lj,) — Hy (u7'Ly,)

H; (Lj,) —— Hj (u'L;,)

Proof. Recall that the intersection of X, and X lies away from X,,_;. Hence ¢, restricts to zero on X,_,, and cup-
product by ¢, annihilates the cohomology of any sheaf supported on X,,_;. The kernel of H}. (L j,n) » Hy. (u‘lL j,n)
and the cokernel of H;,C(u_lL in) = Hy (L j,n) are both supported on X,_;. So the map of multiplication by ¢, from
H3 (X,) to H} (X)) factors as follows.

H; (Lj,) — Hy (u'L;,)

i |

Hy (Lj,n) H;,c(u_ll‘j,n)

It remains to show that the vertical map on the right is an isomorphism. Since X, and X" intersect transversally
in the single point w,, the restriction of ¢, to X, is the image in H7. (X,,) of a generator of the local cohomology
group Hy (X, X, \{w,}).

Since w, € U,, we have H} (X,,X,\{w,}) = H; (U,, U,\{w,}) by excision. But U, is an affine space that is
T-equivariantly contractible to w,, and hence H; (U,,U,\{w,}) = H 7.¢(Uy). This shows that multiplication by ¢,
maps Hy. (U,) isomorphically to Hj. (U,).

Since u™'L jn is T-equivariant, the above argument applies to the cohomology of u L jn as well. This means
that ¢;, maps H;, (u_1 L j’n) isomorphically to H ;’C(u_1 L; ), and the proof is complete. ]
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Once again, let M,, , denote the sheaf L, , ® --- ® L,, ,,. For brevity, we set up the following additional notation.
Apn=H:(Ly,) ® - Hi(Lpn)s
mn =i (12,) HOO  H () T (L)

mn = H? (u*u_le’n) H?EX) e Hf?x)H; (u*u_le’n) .

>~

The following two lemmas are analogues of Lemma 3.3 and Lemma 3.5 respectively.

Lemma 4.6. There is an exact sequence

H;(u!u_ll‘l,n) ® Em,n_)H;"(Ll,n) Zmn_)H;(V*v_lLl,n) ® Am,n_)o'

®
Hy(X) Hr(X) 7 Hr(X)

Proof. The proof is analogous to the proof of Lemma 3.3. We use the fact that H; (X) £ H* (X)® H* (BT), and
use Lemma 4.5 as a substitute for [Gin91, 3.8a]. |

Lemma 4.7.
(i) The cohomology H7, (Ll,n ® Mm’n) is pure.
(ii) There is a short exact sequence

0—Hy (u (L1, ® My, ) = Hy (L1 ® My ) = Hy (Lyjpey ® My y) = O.

Proof. The proofs are analogous to the proofs of their counterparts from Section 3, using the observation of
Lemma 4.3 and the fact that H®* (BT) is pure. O

We now complete the proof of Theorem 1.4.

Proof of Theorem 1.4. We obtain the following commutative diagram from the exact sequences of Lemma 4.6 and
Lemma 4.7.

He (wu™L ® B,,— H.(L ® A,,— H.(v,v'L ® A,,—0
T( ! l’n)HT(X) m,n T( l’n)HT(X) m,n T( * l’n)HT(X) m,n

®) J J” l

0— H (wu'Ly, ®M,,,) —> H3 (L, ®M,,,) — H} (v,v 'L, ® M,,,) —> 0

First observe that the action of Hy(X) on H}. (u!u_lLl,n) and on Em,n factors through the map H;(X) — H} (U) =
H*(BT), so
H (wu™'L ® By, 2H:(uu 'L ® B
T ( ! 1,n) H,y(X) m,n T ( ! l,n) He(BT) m,n
We prove by induction on m that the map a is an isomorphism. As in the proof of Lemma 3.2, the case of m = 2 is
proved by Lemma 4.4, and the general case is proved by iterating the argument. An argument similar to the proof
of Lemma 3.4 proves that the map c is an isomorphism.
Hence by the snake lemma, the middle map b is an isomorphism as well. Consequently, we obtain the following
isomorphisms for every n:

H: (Ly,) HS (L) 2 H (L1n® - ® L)

® .- .
Hr(X)  Hr(X)

In particular when X,, = X, we see that the cup-product map
H; (1C,,)

is an isomorphism. |

W8 HTQ%X) H; (1c, ) - H; (I, ®---®IC, )
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