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ABSTRACT. We study actions of spherical twists on 2-Calabi—Yau categories with a
Bridgeland stability condition. In these categories, we describe how to reduce the phase
spread of a spherical object using stable spherical twists. In 2-Calabi—Yau quiver cat-
egories, we describe how to construct all spherical stable objects by applying simple
spherical twists to the simple objects. As applications, we give new proofs of the follow-
ing theorems for 2-Calabi-Yau categories associated to ADE quivers: (1) all spherical
objects lie in the braid group orbit of a simple object, and (2) the space of Bridgeland
stability conditions is connected.

1. INTRODUCTION

Suppose we have a category C with a rich class of spherical objects. To what extent
can we simplify an object of C by applying spherical twists? Dually, to what extent can
we build complicated objects of C by applying spherical twists to simple objects? In this
paper, we explore these questions for 2-Calabi—Yau triangulated categories using a measure
of complexity provided by a Bridgeland stability condition. These questions are categorical
analogues of similar questions in symplectic/algebraic geometry studied in [1}|14}20].

Spherical objects play an important role in Calabi-Yau (CY) categories. Recall that an
object of an n-CY category is spherical if its graded endomorphism ring is isomorphic to the
cohomology ring of the n-sphere—this is the simplest possible endomorphism ring, given the
n-CY condition. Under some finiteness and rigidity conditions on the category, a spherical
object gives an auto-equivalence of the category, called a spherical twist [19)].

Spherical objects interact wonderfully with Bridgeland stability conditions. For example,
the stable Harder—Narasimhan (HN) factors of any spherical object with respect to a Bridge-
land stability condition are themselves spherical (see, e.g. [11}, Corollary 2.3]). In some cases
(for example, for derived categories of K3 surfaces), a stability condition is determined by
its behaviour on spherical objects (see [11]).

Our first result simplifies an object of a 2-CY triangulated category C by
applying spherical twists. We show that the positive twist in the lowest HN factor and the
negative twist in the highest HN factor decrease the phase spread (see for a
precise statement). Iterating this procedure gives a sequence of objects with smaller and
smaller spread. If the set of possible spreads is discrete, then this procedure must stop, and
then we have reduced our object to a stable object.

Having proved a general phase spread reduction statement, we focus on 2-CY categories
Cr associated to a quiver I". These are triangulated categories arising in many places in
symplectic geometry, algebraic geometry, and representation theory. Roughly speaking,
they are the categories generated by a T'-configuration of spherical objects (see for
precise definitions). We give an explicit classification of the stable spherical objects of Cr.
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We now describe the classification of stable spherical objects. The category Cr is gen-
erated by spherical objects P, as v ranges over the vertices of I'. The Grothendieck group
K (Cr) with the hom pairing is isomorphic to the root lattice of T'. The braid group Br acts
on Cr by spherical twists in P,, lifting the action of the Coxeter group on the root lattice.
The extension closure of P, is the heart of a bounded ¢-structure on Cr called the standard
heart.

Let 7 be a generic stability condition on Cr whose heart is the standard heart. Given
a real root w € K(Cr), it turns out that there are infinitely many spherical objects with
class w. We prove that exactly one of them (up to triangulated shift) is 7-stable, and give
an explicit procedure to construct it. The procedure goes as follows. Let w be a real root.
Write w as a sequence of simple reflections applied to a simple root v, say

W = Sy, """ Spy Vs

n

and assume that this writing is minimal. Let o, : Cr — Cr be the spherical twist in P,. We
show that the unique 7-stable stable object P, of class w can be written as

— g ... g€l
Py=o0y 0l Py,

for a particular choice of ¢; € {+1, —1}, which we describe explicitly. This choice is governed
by how the root sequence for the minimal expression for w interacts with 7.

In the last section , we give two applications of the simplification procedure and of
the classification of spherical stable objects mentioned above. The first application is a new
proof of the following theorem.

Theorem 1.1. Let I be a quiver of type A,, D,, or Eg, E7, Eg. The spherical objects of
Cr lie in the Br orbit of the simple objects of the standard heart.

In the main text, [Iheorem 1.1|is|Corollary 5.2] A proof of this theorem in type A appears
in [13,/14] and may also follow for all ADE types from the ideas of [2].
The second application is a new proof of the following theorem.

Theorem 1.2. Let I" be a quiver of type A,, D,, or Eg, E7, Es. Any stability condition
7 € Stab(Cr) is in the Br orbit of a standard stability condition. Furthermore, Stab(Cr) is
connected.

In the main text, [Theorem 1.2|is|Corollary 5.5 [Theorem 1.2 has been proved in |13}[14]
for type A, and in [2] for types A, D, and E.

We highlight that the phase spread reduction works in general, not necessarily just for
quiver categories. The classification of spherical stable objects works in any quiver category,
not just those of finite type. The finite type assumption guarantees that the simplification
procedure terminates. It is likely that termination works more generally (we have not found
any counter-examples). We hope to address this question in the future.
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2. BACKGROUND

In this section, we recall the notions of Bridgeland stability conditions, spherical objects
and twists, and the CY categories associated to quivers.

2.1. Bridgeland stability conditions. Let C be a triangulated category. A (Bridgeland)
stability condition on C consists of

(1) a homomorphism Z: K(C) — C,

(2) an additive subcategory P(¢) C C for every ¢ € R,
satisfying the following axioms:

(1) P(¢+1) =P(d)[1];

(2) if A€ P(¢) and B € P(¢) with ¢ > ¢, then Hom(A, B) = 0;

(3) for each nonzero object X € C, there is a diagram

OZXO X Xn,1—>Xn:X,

1 X2 e
DN I b
N N AN
1N / +10 / +1 5 /
Ay Ay

Ap

where the triangles are distinguished and A; € P(¢;) with

P1> 0> On;
(4) for every A € P(¢), there is a positive real number m(A) such that

Z([A]) = m(A) - e™®.

The homomorphism Z is called the central charge and the collection of subcategories P is
called the slicing. The objects in P(¢) are said to be semistable of phase ¢. Property is
called the Harder—Narasimhan (HN) property. The diagram asserted by the HN property
is unique up to isomorphisms (see [5, § 3]). It is called the HN filtration of X. The objects
A; are called the HN pieces.

For us, the top and the bottom HN pieces play a key role. Given an object X, denote by
| X | = A, the HN piece of X that has the lowest phase, and let ¢~ (X) to this phase ¢,.
Likewise, set [X] = A; and ¢ (X) = ¢1. We call [X] (resp. | X|) the top (resp. bottom)
of X. The spread of X is the difference ¢ (X) — ¢~ (X). The spread of X is zero if and
only if X is semi-stable.

There are several abelian categories associated to a stability condition. First of all, the
additive categories P(¢) turn out to be abelian [5, Lemma 5.2]. For any interval I C R,
let P(I) be the additive category of C that is the extension closure of P(¢) for ¢ € I. This
is a “quasi-abelian” category (see |5, § 4] for the definition). If I is a half open interval of
length 1, namely of the form [¢,¢ + 1) or (¢, ¢ + 1], then P(I) turns out to be abelian.
Moreover, it is the heart of a bounded t-structure on C, which we call the I-heart of the
stability condition.

A stability condition is uniquely determined by any of its I-hearts and the central charge.
More precisely, suppose we are given the heart A C C of a bounded t-structure and a linear
map Z: K(A) — C. Suppose that Z has the Harder—Narasimhan property and maps
non-zero objects of A to the (semi-closed) upper half plane

H = {rexp(irg) | > 0and 0 < ¢ < 1}.

Then there is a unique stability condition on C whose [0,1) heart is A and whose central
charge is Z (see [5}, Proposition 5.3]). If A is of finite length with finitely many simple objects
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A, ..., Ay, (up to isomorphism), then K (A) is the free abelian group on [A4],...,[4,]. Then
the central charge is uniquely specified by the values Z([A4]), ..., Z([A,]). The finite length
hypothesis implies that the Harder-Narasimhan property always holds.

2.2. Spherical objects and spherical twists. Fix a field k. Let C be a k-linear triangu-
lated category. Assume that C is of finite type. That is, for any pair of objects X,Y € C,
the vector space

P Hom' (X, Y)

i€Z
is finite dimensional (here Hom®(X,Y") stands for Hom(X, Y[i])).

We say that C is d-Calabi—Yau (d-CY) if for every pair of objects X,Y € C, we have

functorial isomorphisms

Hom‘(X,Y) = Hom® (Y, X)".
Here the superscript V stands for the k-linear dual. An object X of a d-CY category C is
called spherical if its graded endomorphism algebra is isomorphic to the cohomology algebra
of the d-sphere

P Hom' (X, X) = H* (S k).

i€Z
Explicitly, the only non-trivial endomorphisms X — X[i] are the identity X — X and a
map X — X|[d], unique up to scaling.

Let C be a k-linear d-CY category of finite type and let X € C be a spherical object.
Assume that C admits a dg enhancement, and that we have fixed such a dg enhancement.
Such an enhancement exists if C is algebraic in the sense of |[16] or enhanced in the sense
of |4]. Associated to X is an auto-equivalence of C

ox:C—=C

called the spherical twist in X, defined as follows (see [19, § 2.2]). Set Hom*(X,Y) =
@, Hom'(X,Y). For Y € C, the twist ox(Y) is defined to be the cone of the evaluation
map

X @ Hom*(X,Y) —» Y.

The dg enhancement of C allows a functorial cone. By definition, we have an exact triangle
(1) Hom*(X,Y)® X =Y — ox (V) 15 .

We have a similar exact triangle for the inverse twist:

(2) o3 (Y) = Y = X @ Hom*(Y, X)¥ =5 .

2.3. 2-Calabi—Yau categories associated to quivers. We recall the construction of a
natural 2-CY category associated to a quiver. Our description uses the zig-zag algebra
from [9]. In the case of the A,-graph, the category was described in [22].

2.3.1. The zig-zag algebra. Fix a field k. Let I" be a finite connected graph without loops or
multiple edges. Associated to I is an algebra A(T") called the zig-zag algebra, constructed as
follows. Assume, for simplicity, that T has at least 2 vertices. Let I'™P! be the directed graph
obtained by doubling I', that is, by replacing each edge v — w in I' by a pair of edges v — w
and w — v. A path is a sequence of vertices vy,...,v, such that v; — v;41 is an edge for
all i =1,...,n—1. We use the notation (v1]...|v,) to denote a path. Recall that the path
algebra is the k-algebra generated as a k-vector space by all paths, and where multiplication
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is induced by concatenation of paths. The zig-zag algebra A(I") is the quotient of the path
algebra of T'! by the two sided ideal generated by the following elements:

(1) paths of length 3,

(2) paths (a|b|c) of length 2 if a # ¢,

(3) elements (a|bla) — (alc|a) if a has edges to b and c.
It is easy to check that A(T') is finite dimensional as a k-vector space.

We endow A(T") with the grading given by path length. Then A(T") has non-zero graded

components of degree 0, 1, and 2. For a vertex v € T" let e, = (v) be the the length 0 path
at v. Set P, = A(T")e,. Then P, is a graded (left) A(T')-module. Furthermore, we have a

decomposition
AT =P,
vel
of left A(T") modules. In particular, P, is projective.

Let ¢, € A(T) be the loop at v. This is the element of A(T") represented by the path
(v|w|v) for any w adjacent to v (the zig-zag relations imply that different choices of w give
the same element). An easy computation shows that the graded Hom spaces between the
P, are as follows

) ifi=0and v=w,
‘ (0, ifi—2and v—
®) Homiy (P, ) = { X0 —2ance =
|w)) ifi=1and v —w is an edge of T,
0 otherwise.

2.3.2. The category Cr. Consider A = A(T") as a differential graded algebra (dga) with the
zero differential. Let K (dgmod- A) be the category whose objects are differential graded left
A-modules (dgms) that are finite dimensional as k-vector spaces, and whose morphisms are
homotopy classes of maps of dgms. Then K(dgmod- A) is a triangulated category in the
standard way (see [21, § 22.8]). The category we are interested in is its smallest (full and
strict) triangulated subcategory containing the objects P, for v € T*:

Cr =(P, |veTl) C K(dgmod- A).
Our description of Cr differs slightly from the description in [22]; we now reconcile the two.
Let DA be the localisation of K(dgmod- A) obtained by inverting the quasi-isomorphisms.
Proposition 2.1. The natural map Cr — DA is fully faithful.

Proof. Let X be an object of Cr. Since the objects P, are summands of A, it follows that
the complex X has property (P) in the sense of |15 § 3]. As a result, for any object Y € Cr,
we have an equality

Hom g (4gmod- 4)(X,Y) = Hompa(X,Y).
In particular, the map
Cr — DA
is fully faithful. |

In [22], the category Cr is defined to be the smallest triangulated subcategory of DA

containing the objects P, for v € I'. By this is equivalent to our definition
of CF.
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2.3.3. Connection with the category of graded projective modules. The category Cr is closely
related to the homotopy category of complexes of graded projective A-modules studied
in [17]. Let grmod- A be the abelian category of graded left A-modules that are finite
dimensional as k-vector spaces. Given a graded module M and an integer ¢, we denote by
M{i} the graded module obtained by shifting the grading by i, so that

M{i}; = Mjy.

Let K(grmod- A) be the homotopy category of complexes of graded A-modules.

An object X C K(grmod- A) has two gradings: one is the homological grading on the
complex and the other is the grading internal to every term in the complex. As a result, we
can view X as a bi-graded complex of k vector spaces

X = (Xi;)
such that i reflects the internal grading and j the homological grading. Then, for every j,

the direct sum

D xi;

i€Z
is an A-module. The differential on X has bi-degree (0, 1)

0ij: Xij = Xijy1:
Let X, be the total complex associated to the bi-graded complex X, .. This is the complex
whose terms are given by
Xi= P xi,

itj=t
and where the differential X, — X, is a (signed) sum of the 0;,j. Then X is a dgm over
A (considered as a dga with 0 differential). The procedure above yields an exact functor
m: K(grmod- A) — K(dgmod- A).

Note that under this functor, the complex X[1], obtained by homologically shifting X, and
the complex X {—1}, obtained by shifting the internal grading of all terms of X, map to the
same object. Thus, 7 collapses the homological and the internal grading to a single grading.
It is easy to check that on the level of homs, the grading collapse leads to the following;:

(4) HomK(dgmod— A) (Ya ?) = @ HomK(grmod— A) (X7 Y{Z} [_Z])
iC€Z
Let CNF C K(grmod- A) be the smallest triangulated subcategory containing P,{i} for
all v € T" and ¢ € Z. (It is easy to check that that the P,{i} are the only indecomposable

projective graded A-modules, so Cr is just the homotopy category of complexes of projective
graded A-modules.) Under the functor 7, the category Cr maps to the category Cr:

T 5p — Cr.

2.3.4. Duality. For XY € 51"7 let Homi’j(X7 Y’) be the space of morphisms of homological
degree ¢ and internal degree j; that is, set

Hom"™/ (X,Y) = Hom(X, Y {i}[4]).
The category 51" enjoys the following duality.

Proposition 2.2. For every X,Y € 51“ we have a functorial isomorphism
Hom™/(X,Y) = Hom?* "7 (Y, X).
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Proof. For P, we have the trace map
tr: Hom*%(P,, P,) — k

that sends the loop map to 1. For any graded A-module M which is a direct sum of grading
shifts of P,, we can extend the trace map by taking the sum to get

tr: Hom?°(M, M) — k.
Furthermore, for any complex X whose terms X; are direct sums of grading shifts of P,, we
can define a trace map

tr: Hom*%(X, X) — k
by setting

tr(f) =Y (1) tr(fi: Xi = Xi{2}).

It is easy to check that the trace map is functorial. It is also easy to check that for complexes
X,Y whose terms are direct sums of shifts of P,, the composite

composition r
—>

Hom™ (X, Y) ® Hom> (Y, X) Hom?°(X, X) &5 k

is non-degenerate. The statement follows. O

Proposition 2.3. The category Cr is 2-CY. That is, for every X,Y € Cr, we have an
isomorphism

Hom‘(X,Y) = Hom? (Y, X)"
functorial in XY .

Proof. Combine [Proposition 2.2 and . O

Remark 2.4. Let {P, | v € T'} be a I'-configuration of objects in a dg category, namely
a collection of objects satisfying the Hom conditions as in . Then the endomorphism
algebra Hom™ (P P,, P P,) is a dga whose cohomology algebra is the zig-zag algebra A(T).
If the endomorphism algebra is formal (quasi-isomorphic to its cohomology algebra), then
the triangulated category generated by the objects P, is equivalent to the category Cr
(see [22, § 3]). In many cases, A(T") is known to be intrinsically formal—any dga with
cohomology A(T") is formal. Suppose, for simplicity, that the ground field k has characteristic
zero. Then A(T') is intrinsically formal if I' is a Dynkin graph of type A by [19] or of type D
by [8] (see the discussion after Theorem 12), conjecturally also in type E [8, Conjecture 13],
and also for any tree I" of non-Dynkin type [8, Remark 14].

Remark 2.5. Let us relate Cr with the categories studied in [13] and [6]. Let G C SLy(C)
be a finite group and let f: Y — C2?/G be the minimal resolution of singularities. Let
D C Coh(Y) be the full subcategory consisting of E such that Rm.E = 0. Let T" be the
dual graph of the exceptional divisor of f. The vertices of I' correspond to the irreducible
components of the exceptional divisor (which are copies of P1); the edges of I' correspond
to intersection points of the components. For v € T, let P, € Coh(Y') be the sheaf i, O(—1)
where i: P! — Y is the inclusion of the component of the exceptional divisor of f indexed
by v. The objects P, form a I'-configuration and the category D is generated by them. Then
the category D is equivalent to the category Cr. This follows, for example, by
in types A and D. It can also be shown directly in all types using [7].

Remark 2.6. In the categories Cr, the spherical twists can be described as tensor products
with certain complexes of bi-modules. This the point of view in [9].
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2.3.5. The standard t-structure. The category 51“ admits a standard t-structure whose heart
consists of so-called linear complexes [18| § 3]. A complex X of graded A-modules is called
linear if for each i, the component X; is a direct sum of modules of the form P,{i}. For
example, the following complex is linear

P, — P,{1}.

The subcategory Cr consisting of complexes homotopic to linear complexes forms the heart
of a bounded t-structure. Likewise, its image in Cr also forms the heart of a bounded
t-structure. Note that this image is the extension closure in Cr of the objects P, for v € I'.

2.3.6. The braid group action. The Grothendieck group K(Cr) of Cr is the free abelian
group generated by the classes of P, for v € I'. The rule

([X],[¥]) = > _(~1)" dim Hom'(X,Y)

defines a bilinear pairing on K (Cr). With this pairing, K(Cr) is isomorphic to the root
lattice of T'.
Recall that the Artin-Tits braid group Br is the group generated by symbols ¢, for v € T’
modulo the following relations for every pair of vertices v, w:
OyOwOy = Oy0y0y if v —w is an edge of T,

5 .
5) 0y0y = 04,0, Otherwise.
The Coxeter group Wt is the quotient of Br by the additional relations ag = 1. (The
generators of the Coxeter group are customarily denoted by roman symbols s,.)

The Coxeter group W acts on the Grothendieck group K (Cr). The generator s, acts by
reflection in the hyperplane perpendicular to the class of P,

Sy =z — (x, P,)[P,].
The action of Wr on K(Cr) lifts to an action of Br on Cr. The generator o, acts by the

spherical twist in P,:
op: X —op,X.

3. PHASE SPREAD REDUCTION USING SPHERICAL TWISTS

The goal of this section is to prove that by applying suitable spherical twists, we can
predictably increase/decrease the bottom/top phase of an object. Throughout, fix a k-
linear 2-CY triangulated category C of finite type and a dg enhancement. Also fix a stability
condition 7 on C.

The following is standard.

Lemma 3.1 (Sandwich lemma). Let X - Y — Z *L be an ezact triangle. Then

¢~ (Y) 2 min{¢™(X), ¢ (2)}, and

¢t (Y) < max{¢*(X),¢*(2)}.
Proof. We prove the first inequality; the second is analogous. Recall that |Y] is the HN
piece of Y of smallest phase, and this smallest phase is denoted by ¢~ (Y). We have a
nonzero map Y — |Y'|. As a result, there is either a nonzero map X — |Y'| or a nonzero
map Z — |Y]. This shows that ¢~ (V) > ¢ (X) or ¢~ (Y) > ¢ (Z). Equivalently,
¢~ (Y) = min{¢™ (X), ¢~ (2)}. 0
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We now investigate the effect of applying suitable spherical twists on the bottom and the
top phase.

Proposition 3.2. Let X be a spherical stable object of C such that X is the unique (up to
isomorphism) stable object of its phase. Let Y be any object of C. We have the following.
(1) If 9(X) < ¢~ (Y), then $(X) < ¢ (a5 (V).
(2) If p7(Y) < ¢(X), then ¢ (ox(Y)) < $(X).

Proof. We prove the first inequality; the second is analogous. The key is the exact triangle
(6) X @ Hom™ (Y, X)V[~1] = o5 (V) - ¥ .

obtained by rotating the triangle in in
We first prove the proposition assuming the strict inequality

(7) B(X) < 6~ (V).
Let V = Hom™(Y, X)V[—1]. Then V is a direct sum of shifts of copies of k. The inequality

@ implies that Hom'(Y, X) = 0 for i < 0. Therefore, V is a direct sum of copies of k[j] for
7> 0. As a result, we have

(8) p(X) <o (X V).

Thanks to and , we can apply the sandwich lemma to the key triangle
to get
$(X) < 9™ (o' (V)

To show that the inequality is strict, it suffices to show that 0)_(1Y does not have a nonzero
map to any stable object of phase ¢(X). By our assumption, the only such stable object is
X itself. Consider a map f: 0}1 (Y) — X. Applying ox gives a map ox(f): ¥ — X[-1].
Since ¢(X[—1]) < ¢(X) < ¢~ (Y), the map ox(f) must be zero. Therefore f is zero. The
proof is thus complete, assuming ¢(X) < ¢~ (V).

We now treat the case ¢(X) = ¢ (Y). Recall that we have assumed that X is the
only stable object of its phase. Furthermore, X is spherical, so it has no self-extensions.
Therefore, | Y] is a direct sum of copies of X. This means that we have an exact triangle

(9) 7Y - X 2L

where ¢(X) < ¢~ (Z). The previous argument now applies to Z, and we get ¢(X) <
¢t (0;(1 Z). Applying O’;(l to the triangle in @[) gives the triangle

(10) o (Z) = o (V) = X187
By applying the sandwich lemma (Lemma 3.1)) to , we conclude that ¢(X) < ¢~ (O’;(l (Y)).

O

The following shows that the improvement on one end achieved by does
not cause a deterioration at the other end, assuming that the object Y has a sufficiently
large phase spread.

Proposition 3.3. Let X be a spherical stable object of C. Assume that X is the unique
stable object of its phase. Let' Y be any object of C such that Hom*(Y,Y) =0 for any i <0
and ¢T(Y) — ¢~ (Y) > 1. The following hold.

(1) If 6~ (Y) = ¢(X), then ¢*(Y) > ¢* (0% (Y)).
(2) If $7(Y) = ¢(X), then ¢~ (V) < ¢~ (ox (V).
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Proof. We prove the first statement; the second is analogous. Again, the key is the exact
triangle

(11) X @ Hom*(Y, X)V[~1] = o5 (V) - ¥ L,

obtained by rotating the triangle in Let V = Hom" (Y, X)V[~1]. By the sandwich
lemma (Lemma 3.1)), it suffices to show that

(12) PT(Y)Z o (X V).

Let us compute ¢ (X ® V). Let £ be the largest integer such that Hom®(Y, X) # 0. Then
V is a direct sum of copies of k[j] with j < ¢—1, and including at least one copy of k[¢ — 1].
Therefore, we get

(13) PH(X @V) = ¢(X[¢ - 1)).
Thus, showing is equivalent to showing
¢ (Y) = ¢(X[ - 1)).
First suppose ¢ < 2. Then we have
¢~ (V) +1=o(X[1]) > ¢(X[¢ — 1)).
Since ¢T(Y) — ¢~ (Y) > 1, we conclude that
(V) = (X [0 - 1)),

as desired.
Next suppose ¢ > 2. Then the 2-CY property implies that

Hom? (X, Y) # 0.
Since we have assumed that X is the only stable object of its phase, and X has no self-
extensions, and ¢~ (V) = ¢(X), it follows that |Y | is a direct sum of copies of X. Therefore,
we also have

Hom?™“(|Y],Y) # 0.
Define the object K by the following exact triangle:

K=Y |y,

Let f € Hom*™*(|Y],Y) be a non-zero element. The composition of ¥ — |Y| with f
gives a map Y — Y[2 — /]. Since this is a map of negative degree from Y to itself, it
must be zero. Therefore f factors as the composite of |Y| — K[1] with a (non-zero) map

g: K[1] = Y[2—{
Y 1Y)
LA
Y[2-1].

¢t (Y[2—4) = ¢~ (K[1]).

K[l] +1

Since g is non-zero, we get

By construction, we have
¢ (K) > ¢~ (Y) = ¢(X).

By combining the last two inequalities, we see that

¢ (Y[2— 1) > ¢(X[1]).
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Therefore, we get
¢ (Y) > o(X[0 - 1]),
as desired. O

The following is an analogue of for Y of small spread.

Proposition 3.4. Let X be a spherical stable object of C. Assume that X is the unique
stable object of its phase. Let Y be any object of C such that 0 < ¢T(Y) — ¢~ (V) < 1.
Assume, furthermore, that Hom®(Y,Y) = k. Then the following hold.

(1) If 6~ (Y) = §(X), then ¢*(Y) = ¢* (0% (V).

(2) If §7(Y) = ¢(X), then ¢~ (Y) < ¢~ (0x(Y)).
Proof. We prove the first statement; the second is analogous. We begin as in the proof of

Consider the triangle
(14) X @ Hom*(Y, X)V[-1] = ox}(Y) = ¥ 25
Let V = Hom™ (Y, X)V[—1]. It suffices to show that
oY)z (X V).
Let £ be the largest integer such that Hom‘(Y, X) # 0. Then we must show that
5 (¥) > (X[0 — 1).
By the 2-CY property, we have Hom‘(Y, X) = Hom? *(X,Y)V. Since
PT(YV) <o~ (V) +1=0(X)+1,

there cannot be a non-zero map from X to Y[k] for £ < 0. As a result, we must have ¢ < 2.
First suppose £ < 1. Then we have

PT(Y) > ¢ (V) = o(X) > ¢(X[¢ — 1)),
as desired.

We rule out £ = 2. Let us show that if £ = 2, then Y is isomorphic to X, which contradicts
the assumption that

0<¢*(Y) =07 (Y).

Let 79 be the slicing defined by the stability condition 7. Since ¢T(Y) — ¢~ (Y) < 1 and
d(X) =¢ (YY), both X and Y lie in the abelian category Plo, v+ 1) for o = ¢~ (Y"). Since
¢~ (Y) = ¢(X) and X is the only stable object of its phase and X has no self-extensions,
|Y'] is a direct sum of copies of X. Say |V | = X%,

If £ = 2, we have a non-zero map i: X — Y. Consider the composite

(15) XLy 5|y

We show that the composite is non-zero. Equivalently, we must show that ¢ does not factor
through the kernel K of Y — |Y']. In fact, let us prove that there are no non-zero maps
from X to K.

Since HomO(Y, Y) =k, every non-zero map from Y to itself is an isomorphism. A non-
zero map X — K gives a non-zero map Y — Y that is not an isomorphism, namely the
composite

Y » Y] =X %X > K<Y.
Therefore, there are no non-zero maps X — K.

Since we have | Y| = X®" and the composite in is non-zero, thereisamap 7: ¥ = X

such that moi: X — X is non-zero. But X is spherical, so 7 o ¢ must be an isomorphism.
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That is, X is a direct summand of Y. Since Hom(Y,Y) = k, there are no non-trivial direct
summands of Y, and hence 7: Y — X must be an isomorphism. O

The following theorem combines the results above. Recall that C is a k-linear 2-CY
triangulated category of finite type with a fixed dg enhancement and 7 is a stability condition
on C.

Theorem 3.5. Let X be a T-stable spherical object of C. Assume that X is the unique
stable object of its phase. Let' Y be an object of C such that

Hom'(v,v) = { & /7=0

0 ifi<O.

Suppose

(1) ¢(X) = ¢~ (Y), in which case set Y' = o' (Y); or

(2) ¢(X) = ¢t (Y), in which case set Y' = ox(Y).
If T (Y)— ¢~ (Y) > 0, then

Pt = (V) <" (V) — o™ (V).
Proof. Let us prove the first statement; the second is analogous. By [Proposition 3.2] we get
¢ (Y) <o~ (Y).

If ¢7(Y) — ¢~ (Y) > 1, we apply and if ¢7(Y) — ¢~ (Y) < 1, we apply
and gt

T (Y) = ¢ (Y).
The theorem follows. (]

Remark 3.6. The uniqueness assumption on X in [Proposition 3.2] |Proposition 3.3 [Propo-|
[sition 3.4} and [Theorem 3.5|can be weakened if we know more about the stable factors of Y’
and its twists. For example, if Y is a direct sum of spherical objects, then the stable factors
of Y and its twists are also spherical Corollary 2.3]. For such a Y, the statements and
proofs of these results hold under the weaker assumption that X is the unique spherical
stable object of its phase.

4. SPHERICAL STABLE OBJECTS IN QUIVER CATEGORIES

In this section, fix I' to be any connected finite graph without loops or multiple edges.
Let C = Cr be the 2-CY category associated to I' as defined in

Recall that the Grothendieck group K (C) with the Hom pairing is naturally identified
with the root lattice of I'. Since dim(Hom" (X, X)) = 2 for any spherical object X, its class
[X] in K(C) is a real root. We refer the reader to for the theory of Coxeter groups
and their root lattices.

Let 7 be a stability condition on C with central charge Z: K(C) — C and slicing P.

Proposition 4.1. Assume that T is generic in the following sense: Z maps distinct real
roots to complexr numbers of distinct phase. Suppose X is a T-semistable spherical object.
Then X is T-stable, and it is the unique T-stable spherical object of phase ¢ = $(X).

Proof. To show that X is stable, we must show that X is simple in the abelian category
P(¢). Let S C X be a non-zero simple sub-object. By Corollary 2.3], S must be
spherical. Then the class of S in K(C) is a real root. Since Z(S) has the same argument as



SPHERICAL OBJECTS AND STABILITY CONDITIONS ON 2-CALABI-YAU QUIVER CATEGORIES 13

Z(X), the genericity assumption on 7 means that X = S in K(C). But then X/S =0 in
K(C), and since X/S is in a heart of 7, this implies that X = S.

Next, suppose Y is another 7-stable spherical object of the same phase as X. Again by
the genericity of 7, we have X =Y in K(C). But then we get

(X,Y) = dim Hom’(X,Y) — dim Hom'(X,Y) + dim Hom?(X,Y))

= <X7 X> - 2,
which implies Hom”(X,Y") # 0 by the 2-CY property. Since X and Y are simple objects of
P(¢), this forces X =Y. o

For v € T', we have the spherical object P, € C. The extension closure of these objects
is the heart of a bounded ¢-structure on C. We call this the standard heart and denote it
Q. The objects P, are simple in Q. We say that a stability condition is standard if its [0,1)
heart is ©. We now give an effective construction of a 7-stable spherical object of every
possible class, for a generic standard stability condition 7.

Let w be an arbitrary positive root. Write

(16) W= Sy, " Sy U,
where v is a simple root and s,,,...,$,, are reflections in the simple roots vy, ..., v,. Set
vp = v. Associate to (16 the root sequence Ry, ..., R, defined by

R; = Svp * " Svig (UZ)

Note that all R; are roots and Ry = w. Furthermore, if is a minimal expression for w,
then the roots R; are distinct positive roots [10, § 5.6, Exercise 1].
Let €1,...,€, be £1. Consider an object X of C defined by

(17) X =0y 000 (B),
where o, is the spherical twist in P,,. The €’s allow us to divide the root sequence into
sub-sequences corresponding to positive and negative exponents:
Ry ={Ri|e& =1},
R_= {RZ | € = —].}.
We call Ry the neutral root.
Let 7 be a stability condition on C such that the [0,1) heart of 7 is the standard heart.
Let Z be the central charge of 7. Let H C C be the half-open upper half plane:
H={z|3(2) >0} UR>o.
Let o = Z(Ryp). Since Ry is a positive root, Z(Ryp) lies in H. It divides H into two pieces
8 H, ={z]|argz > arga},
(18) H_={z]|argz < arga},

where arg is taken in [0, 7).

shows an example of the construction above for a stability condition on the
As-category.

Since all the roots in the root sequence R of X are positive roots, they are mapped to
the upper half plane H by the central charge. The semi-stability of X depends on their
position with respect to Ry.

Proposition 4.2. With the notation above, the object X defined by is T-semistable if
and only if Z(R+) CHy and Z(R_) C H_.
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FiGURE 1. Consider the A3 quiver with simple roots a; and simple re-
flections s;. Consider the root sequence for w = s38351(az). The central

charge chosen for the diagram above maps R; to H; and Ro, R3 to H_.
By [Proposition 4.2} the stable object of class w is Uglaglal(Pg).

Let 7 be a generic standard stability condition. gives an effective con-
struction of the unique 7-stable object of class w = Ry, as follows (see .
(1) Write a minimal expression w = sy, - -+ Sy, V.
(2) Construct the root sequence R = (Ry, ..., R;,) by setting R; = s, - - - 84, (v;), with
Vo = V.
(3) Since the R; are positive roots, Z maps them to the upper half plane H. Decompose
H into H, and H_ as in and decompose R into Ry and R_ as

Ry ={R; | Z(R;) € H;},
R_={R;| Z(R;)) € H_}.
(4) Set €, = +1 (resp —1) if R; € Ry (resp R_), and let
X =0y o000 (Py).

Then, by [Proposition 4.2] X is a T-semi-stable object of class w. By [Proposition 4.1]

it is in fact the unique stable object of class w.
We need some preparation to prove Let © C C be the standard heart.
Set
K =K(Q©)=K(C).
Denote by [X], the class in K of an object X.

Lemma 4.3. Let v € T and X € Q be any object. The twist J;UlX lies in Q if and only if
P, is not a sub-object of X. Similarly, the twist op, X lies in O if and only if P, is not a
quotient of X.

Proof. We prove the first statement; the second is analogous. Set P = P,. We have the
exact triangle

(19) P®Hom*(X, P)V[-1] = 05" (X) » X 5.

Since both P and X lie in ©, the 2-CY property implies that Hom"(X, P) is zero for i < 0
and @ > 2.

Assume that P is not a sub of X in Q. Since P is simple in O, we must have Hom" (P, X) =
0. By the 2-CY property, this implies Hom?(X, P) = 0.
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Let V = Hom"(X,P)Y[-1]. Then V is a direct sum of shifted copies of k. Since
Hom'(X,P) = 0 if i ¢ {0,1}, the complex V must be a direct sum of copies of k[j] for
j=-1,0.

In the exact triangle , the two extreme terms lie in P[—1,1). As a result, the trun-
cation 05" (X)<o also lies in P[—1,1). We must show that it lies in © = P[0,1). That is,
we must show that its truncation to P(—o0,0) is zero.

Note that the truncation op'(X)<g lies in Q[—1] and coincides with H' (o5 (X))[-1].
Since H'(X) = 0, the cohomology long exact sequence applied to the triangle shows
that op'(X)<o is a quotient of a direct sum of copies of P[—1] in O[~1]. Since P is simple
in ©, the object o' (X)o must itself be a direct sum of copies of P[—1].

If 05" (X) <o were non-zero, then we would have a non-zero map o' (X)<o — P[—1], and
hence a non-zero map o' (X) — P[—1]. By applying op, we would then obtain a non-zero
map X — P[—2], which is a contradiction. We conclude that o5 X lies in .

Conversely, if P is a sub of X, then we have a non-zero map P — X and hence a non-zero
map 05" P = P[1] = 05" X. It follows that 05" X is not in Q. O

Consider an object X € O. We say that a subset S C K envelops the subs (resp.
quotients) of X if for every sub (resp. quotient) object Y of X, the class [Y] can be
expressed as non-negative linear combination of the elements of S and £[X]. Observe that
if S envelops the subs of X then —S envelops the quotients of X, and vice-versa.

Lemma 4.4. Let X be an object of O and let v € T'. Let S be a subset of K and set
S = 5,(5) U {v}.
(1) If S envelops the subs of X and UI;UIX lies in Q, then S" envelops the subs of J;UIX.
(2) If S C K envelops the quotients of X and op, X lies in O, then S’ envelops the
quotients of op, X.

Proof. We prove the first assertion; the second is similar.

Set P = P,. Let Y be any sub of O’;lX . We must prove that [Y] is a non-negative linear
combination of the elements of S" and +[o 5" (X)].

First suppose P is not a quotient of Y. Set

Q = coker(Y — 05" X).

Since apaf,lX lies in O, by P is not a quotient of a;lX . Therefore P is not a
quotient of @. By applying op to the exact sequence

0—=Y —0p'X > Q—0,
we get an exact triangle
opY - X — UPQ +—1>,

whose terms are in Q' by Therefore, it is an exact sequence in Q. Since S
envelops the subs of X, the class [opY] = s,[Y] is a non-negative linear combination of
elements of S and +[X]. Equivalently, the class [Y] is a non-negative linear combination of
the elements of s, (S) and +[op' X].

It remains to treat the case when P is a quotient of Y. Define Y’ C Y be such that we
have an exact sequence

0—=Y =Y = P -0

for some n and P is not a quotient of Y (such a Y’ exists because © is a finite-length
category). By the argument above, [Y”] is a non-negative linear combination of the elements
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of 5,(S) and +[op' X]. But then [Y] is a non-negative linear combination of the elements
of 5,(S) U {v} and £[o 5" X], as desired. O

Consider an object X of C defined as in (L7):
X =afpo- 00l (R,

and the root sequence R;, divided into a positive sub-sequence R, a negative sub-sequence
R—, and the neutral root Ry.

Lemma 4.5. In the above setup, suppose there exists a linear functional \: K(C) — R
such that A(Rg) = 0, and A(R+) C Rso, and A(R—-) C R<o. Then X lies in the heart Q.
Furthermore, the set S = R_ U —R, (resp. S. = Ry U—R_) envelops the subs (resp.
quotients) of X.

Corrigendum. In the published version of the paper, the lemma above says that R_ (resp.
R ) envelops the subs (resp. quotients) of X. That statement is incorrect. This version
corrects the statement of Lemma [4.5] its proof, and also makes the small changes necessary
in the proof of Proposition [4.2

Proof. We induct on n. If n =0, then X = P, is simple, both R, and R_ are empty, and
the statement holds.
Assume the statement for (n — 1). Let

! €n—1 €1
X =0t o-~-oo’v1(PU)7

and let R’ denote the root sequence for X’. Then we have R} = s, R; fori =0,...,n— 1.
Note that
N=Xos,, : K(C) =R

is a linear functional that vanishes on the neutral root R} for X’ and takes opposite signs
on the positive and the negative sub-sequences R/, and R’ . By the induction hypothesis,
X’ lies in the heart © and its subs (resp. quotients) are enveloped by S’ = R’ U —R/,
(resp. S}, =R, U—-R").

Observe that R, = v,. Suppose €, = —1. Then R, € R_. Since A is negative on R_,
it is positive on —R,, = s,, (R,). By construction, A’ is negative on R’ , positive on R,,,
and zero on [X']. So R,, = [P,,] cannot be a positive linear combination of elements of R’
together with +[X].

Since S’ envelops the subs of X', we conclude that P, is not a sub of X’. Hence, by
X is in the heart and its subs are enveloped by s1(S”)U{v,} = S_. The proof
when €,, = +1 is similar. O

We now have the tools to finish the proof of
Proof of [Proposition 4.4 Once again, set

X =0 o---o0t(Py),
with S, and S_ defined as in Lemma [£.5] Suppose Z maps R} and R_ to Hy and H_,

respectively. Choose a linear functional £: C — R that vanishes on oo = Z(Rp) and takes
positive (resp. negative) values on Hy (resp. H_). Set A = £ o Z. Then X satisfies the
hypotheses of As a result, X is in the heart Q.

To show that X is semi-stable, consider a sub Y C X. But S_ envelops the subs of X,
that is, [Y] is a non-negative linear combination of elements of S_ and +[X]. By applying
Z, we obtain that Z(Y") is a non-negative linear combination of elements of Z(S_) and +a.
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Note that Z(S_) c H_U—H_. Since we know that Z(Y") C H, we conclude that Z(Y") lies
in H. UR<g-a. As aresult, we have argY < arg X. Since this is true for any sub Y C X,
we conclude that X is semi-stable. ]

5. APPLICATIONS

In this section, we reap the benefits of the results proved in the previous sections.
Fix the following notation:

C a k-linear 2-CY triangulated category of finite type with a fixed dg enhancement,
T a stability condition on C,
®.. the subset of R consisting of the phases of 7-stable spherical objects
G+ the group of auto-equivalences of C generated by the twists in 7-stable spherical
objects.

Proposition 5.1. Assume that 7 admits at most one spherical stable object of every phase
and ®, C R is discrete. Then every spherical object in C is in the G-orbit of a T-stable
spherical object.

Proof. Let Y be any spherical object of C. We denote by |Y| the spread of Y, which is the
quantity

Y]=¢"(Y)— o (V).
Note that since the stable factors of the HN pieces of ¥ must be spherical |11, Corollary 2.3],
both ¢ (Y) and ¢~ (Y) lie in ®,, and hence their difference lies in the set {a — b | a,b €
®,a > b}, which is a discrete subset of R.

We induct on |Y]. If |Y| = 0, then Y is 7-stable, and we are done.

Since Y is spherical, the stable factors of its HN pieces are also spherical |11 Corol-
lary 2.3]. In particular, there is a spherical stable object of phase ¢~ (Y), and it is unique
by our assumption; call it X. Consider Y’ = o3'Y. By we have |Y'| < |Y.
By the induction hypothesis, Y” lies in the G, orbit of P, and hence so does Y.

Note that the same argument works with Y’ = ozY where Z is the unique 7-stable
spherical object of phase ¢+ (Y). O

Now let C = Cr (see for the definition). Recall that the braid group of I' acts on C
by spherical twists.

Corollary 5.2 (Theorem 1.1). Let C be the 2-CY category associated to a quiver of finite
(ADE) type. Then every spherical object of C is in the braid group orbit of a simple object

of the standard heart.

Proof. Choose a generic standard stability condition 7 on C with central charge Z: K(C) —
C. In particular, assume that Z maps distinct roots to complex numbers of distinct ar-
guments. Then, by there is at most one spherical stable object of every
phase.

Let @, C R be the set of phases of spherical stable objects. Since the class of a spherical
object in K (C) is a root, of which there are only finitely many, the set @, consists of integer
translates of a finite set. In particular, @, is discrete.

The simple objects of the standard heart are 7-stable and spherical. So the image of the
braid group lies in G,. It is not hard to see that the image is, in fact, G,. To see this, let X
be a 7-stable spherical object. We must show that ox lies in the image of the braid group.
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From we know that X = Y, where Y is a simple object in the standard
heart, and f is in the image of the braid group. Then

ox = BoyB!

is also in the image of the braid group.

We now apply and conclude that every spherical object is in the braid
group orbit of a 7-stable spherical object. But we already know that every 7-stable spherical
object is in the braid group orbit of a simple object of the standard heart. The proof is now
complete. (Il

Remark 5.3 (Choice of writing). Note that in [Proposition 5.1} we have a choice of applying

a positive or a negative twist, leading to different expressions for a given spherical object as
a braid image of a simple object. It is an interesting problem to understand these different
expressions.

Proposition 5.4. Assume that 7 admits at most one spherical stable object of every phase
and ®, C R is discrete. LetY be a direct sum of spherical objects of C such that Homi(Y7 Y)=
0 fori < 0. Then there exists a stability condition w in the G.-orbit of T such that'Y lies
in the [a, a + 1)-heart of w for some a.

Proof. We induct on the spread |Y| = |Y|,. Note that this quantity lies in the discrete set
{a—b|a,be .}

If |Y]; <1, then we are done. Simply take w = 7 and a = ¢~ (Y).

Suppose |Y|- > 1. Let X be the unique spherical 7-stable object of phase ¢~ (Y). Let
7/ = ox7. Note that the group G, and the set ®. are unchanged if we replace 7 by 7/. By
[Proposition 3.2 and [Proposition 3.3 we have

Yl = |J;(1Y|T <Yl

We conclude the result by the induction hypothesis. O

Corollary 5.5 (Theorem 1.2)). Let C be the 2-CY category associated to a quiver of finite
(ADE) type. Then the stability manifold of C is connected. Furthermore, up to rotation,

every stability condition is in the braid group orbit of a standard stability condition.

Proof. Let 7 be an arbitrary stability condition on C. Let Z: K(C) — C be its central
charge. Perturb 7 so that Z maps distinct roots to complex numbers of distinct arguments.
Note that the perturbed 7 lies in the same connected component of the stability manifold
as the original 7. There is now a unique spherical 7-stable object of every phase.

We have shown in that every spherical object is in the braid group orbit
of the simple objects of the standard heart. Therefore the subgroup G, of Aut(C) generated
by twists in 7-stable spherical objects is a subgroup of the image of the braid group in
Aut(C).

Let @, C R be the set of phases of spherical 7-stable objects. Since there are finitely
many roots, @, consists of integer translates of a finite set, and hence is discrete.

Let Y be the direct sum of the simple objects in the standard heart of C. Note that Y
satisfies the hypotheses of [Proposition 5.4} By [Proposition 5.4] there is a stability condition
w in the braid group orbit of 7 such that Y is in the [a, a + 1) heart of w. Let w’ be the
rotation of w by «, so that Y lies in the [0,1) heart of w’. Note that w’ is in the same
connected component as w.
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The direct summands of Y generate the standard heart of C (under taking extensions).
Therefore, the [0,1) heart of w’ contains the standard heart. Since both hearts are hearts of
a t-structure, they must in fact be equal. In other words, w’ is a standard stability condition.

Let StabgC be the connected component of StabC that contains the standard stability
conditions. We have shown that an arbitrary 7 € Stab( is in the braid group orbit of a
stability condition w in Stabg C. But we know by [12, § 4] that the braid group preserves the
connected component Stabg C. Furthermore, every 7 € Staby is, up to rotation, in the braid
group orbit of a standard stability condition . Hence, we conclude that StabC = StabyC
and that every stability condition is, up to rotation, in the braid group orbit of a standard
one. (]
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