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1. INTRODUCTION

In this paper we describe equivariant cohomology, which is a cohomology theory applicable to spaces
equipped with a group action. The equivariant cohomology measures not only the topology of the space, but
also the complexity of the group action. For example if the group acts freely, the equivariant cohomology is
equal to the ordinary cohomology of the orbit space. In contrast, the equivariant cohomology of a one-point
space (on which any group acts trivially) is quite large.

Under certain conditions the equivariant cohomology ring may be described to a large extent by its
restriction to the fixed points of the group action. This is the content of the localization theorem. We
discuss versions by Atiyah-Bott (J[AB84]) and Berline-Vergne ([BV85]) in the context of actions of compact
connected Lie groups on compact smooth manifolds. As a consequence of the localization theorem, the
integral of an equivariant cohomology class over a manifold can be expressed by an integral over just the
fixed set of the group action, which is typically easier to compute.

In [Section 2| and [Section 3| we formally describe the construction of equivariant cohomology, and some
complexes that are convenient for computing it. In we describe how some properties of ordinary
cohomology generalize to equivariant cohomology. In we reduce to the case that the group is a
compact torus, which is useful for computational purposes. Finally in we precisely formulate the
localization theorems and deduce the integration formula.

The main references are [GS99], [AB84] and [BV85].

2. TOPOLOGICAL CONSTRUCTION OF EQUIVARIANT COHOMOLOGY

Throughout this paper, let G denote a compact connected Lie group. For any real vector space V', we
denote its complexification V ®g C by V. Set g = (Lie G)c. Let M be a topological space equipped with a
G-action.

The main ingredient of the topological construction of equivariant cohomology is the homotopy quotient.
Fix a classifying space BG of GG, and a corresponding universal bundle EG — BG. Observe that the diagonal
action of G on the space EG x M is free.

Definition 2.1. The homotopy quotient of M by G is defined to be Mg = EG xg M. The G-equivariant
cohomology of M is defined to be the singular cohomology of Mg, and is denoted by H(M).

We always fix the ring of coefficients to be C. As stated, the definition of H} (M) depends on a choice of
EG and BG. However, it can be checked that the space Mg is well-defined upto homotopy type, and hence
H} (M) is well-defined upto isomorphism.

Example 2.2. Let M = {p} be a single point with the trivial G-action. Then EG x¢ {p} = EG/G = BG.
Hence HE ({p}) = H*(BG).

Example 2.3. Let M be a space with a free G-action. In this case, the map EG xg M — M/G is a fibre
bundle with fibre E. Since E is contractible, we have Hj (M) = H*(M/G).

Following the notation of [AB84], we denote H}({p}) by H. For every M, there is a projection map
M¢ — BG, which realizes M¢ as a fibre bundle over BG with fibre M. Hence we obtain a map Hf, — HE (M)
on cohomology. This makes Hf (M) into an H-algebra (in particular, an H-module).
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3. CONSTRUCTION OF EQUIVARIANT DE RHAM COHOMOLOGY

The de Rham complex is a convenient tool to compute the cohomology of smooth manifolds. We now
describe analogues of the de Rham complex for the equivariant case. In this section let M be a smooth
manifold equipped with a smooth G-action. Let Q(M) be the usual de Rham complex of smooth differential
forms on M.

3.1. G*-algebras. To describe equivariant de Rham cohomology, we need the algebraic structure of G*
algebras, as defined in [GS99]. Before recalling the formal definition, we consider the motivating example
of Q(M). This is a commutative differential graded algebra (DGA) on which G acts by automorphisms.
Explicitly, there is a smooth representation p: G — Aut(Q(M)) given by p(g)(w) = (¢7!)*w. By differenti-
ation, we obtain a representation L¢: g — End(Q(M)). Every § € g determines a vector field v on M as

follows:
(1) () = o (exp—16)(2)

Observe that L¢ is just the Lie derivative with respect to ve, which is a derivation of degree 0 on Q(M).
Let tg: Q*(M) — Q*~1(M) denote contraction by ve, which is a derivation of degree —1 on Q(M). The
operators L, t¢, d and p satisfy several relations. This structure is encoded in the definition of a G* algebra.

t=0

Definition 3.1. Let (A4, d) be a commutative DGA over C with a smooth representation p: G — Aut(A).
Then A is called a G* algebra if for every { € g, there are derivations t¢ € Der_;(A) and L¢ € Derg(A)
satisfying the following properties.

(1) [Le, Ly] = Lig - (6) %P(GXPtf) lt=0= Le¢.

(2) [te,tn) = 0. (7) pgoLegopy—1 = Ladge)-
(3) [Les ty] = vie,n)- (8) pgoteopg—1 =tadg(e):
(4) [d,ee] = Le. (9) pgodopy— =d.

(5) [d,Lel =0

Definition 3.2. An element a in a G* algebra A is called horizontal if tca = 0 for every £ € g. A horizontal
element a € A such that pja = a for every g € G is called basic.

Let Apor and Ap,s denote the subsets of horizontal and basic elements of A respectively. Then both these
spaces are subalgebras that are preserved by d. It is easy to check that if (A1,d;) and (As,ds) are two G*
algebras, then A; ® A, is also a G* algebra, where the maps t¢ and L¢ are extended to A; ® Ay as derivations
in the obvious way.

Definition 3.3. Let &;,...,&, be a basis of g. A G* algebra A is said to be of type (C) if there are elements
{6" € Ay | 1 <i < n} such that 1,67 = §;; for all 7, j, and such that the subspace spanned by these elements
is G-invariant.

Fix E to be any acyclic G* algebra of type (C).

Definition 3.4. The G-equivariant cohomology of a G* algebra A is defined to be the cohomology of the
complex (A ® E)pas, and is denoted by HE(A).

The complex (A ® F)pas can be compared with the homotopy quotient, where E may be thought of as
playing the role of EG. The algebra E being acyclic corresponds to EG being contractible, and E being of
type (C) corresponds to EG having a free G-action. As stated, the definition depends on the choice of E.
It is proved in [GS99] that the definition is independent of choices. Moreover, the following theorem states
the relationship of the G-equivariant cohomology of a manifold M (defined in the previous section) to the
G-equivariant cohomology of Q(M).

Theorem 3.5 (Equivariant de Rham theorem). The G-equivariant cohomology of M is isomorphic to the
G-equivariant cohomology of Q(M).



3.2. The Weil algebra and the Cartan complex. We now introduce two specific complexes that compute
the equivariant cohomology of a smooth manifold. We state the results of this section without proof, but
the proofs may be found in [GS99).

Definition 3.6. The Weil algebra of G is defined as W = A g* ® Sym g*, where the elements of /\1 g* each
have degree 1, and the elements of Sym' g* each have degree 2. The differential dyy on W is defined on
generators as dyy(r ® 1) =1 ® z and dy(l ® z) =0 for z € g*.

The Weil algebra is a particularly nice example of an acyclic G* algebra of type (C). Setting £ = W in
the definition of equivariant cohomology of a G* algebra, we obtain HE (M) = H*((Q(M) @ W)bas)-

We now introduce the Cartan complex, which also computes the equivariant cohomology of M, and is
especially suitable for computations. This complex is also suitable for extending results from ordinary de
Rham cohomology to the equivariant setting, since exact sequences of ordinary differential forms give rise to
exact sequences of the corresponding Cartan complexes.

Let &1,...,&, be a basis of g, and let £, ..., & be the corresponding dual basis of g*.

Definition 3.7. The Cartan complez is defined as Qg (M) = (Q(M)® Sym g*)¢, where elements of Sym® g*
are assigned degree 2. The differential d¢ is defined as

do(w® f) = 1w ® (& f).
=1

Alternatively, we may think of elements of Qg(M) as G-equivariant polynomial maps w: g — Q(M).
The differential dg now becomes (dgw)(€) = d(w(§)) + te(w(§)). From this interpretation it is clear that the
definition of Qg (M) is independent of the basis chosen.

4. PROPERTIES OF EQUIVARIANT COHOMOLOGY

In this section we briefly recall some familiar properties of singular cohomology, and state similar properties
for equivariant cohomology.

4.1. Long exact sequences. Let Y be a topological space with a G-action, such that X is a G-invariant
subspace. Then the inclusion X — Y induces an inclusion X¢ < Y. Set HA(Y, X) = H*(Yg, X¢). The
following two results are immediate from the topological definition of equivariant cohomology.

Proposition 4.1. The relative equivariant cohomology fits into the following long exact sequence:
= HA(Y, X)) — HA(Y) — HA(X) — HEPH (Y, X) — -

Proposition 4.2 (Equivariant Mayer-Vietoris sequence). Suppose that Y = UUV for two open G-invariant
subspaces U and V. Then there is a long exact sequence of equivariant cohomology groups as follows:

= HENUNV) = HAY) = HEU)® HE(V) - HEUNV) = - .

Now suppose that Y is a compact smooth manifold such that X is a closed submanifold. Using the Cartan
complex, set H: (Y, X) = H*(Q¢ (Y, X)). Further, let HZ(Y — X). denote the cohomology of Q¢ (Y — X).,
which is the Cartan complex with compact support on X — Y.

Proposition 4.3. There is a long exact sequence
v HE(Y — X)e — HAY) = HA(X) = HEHY = X))o — -

Proof sketch. Using some local computations in an equivariant tubular neighbourhood around X, it can be
shown that the extension map Q(Y —X). — Q(Y, X) induces an isomorphism of H-modules in cohomology.
The result now follows from O



4.2. The push-forward map. Let X and Y be compact and oriented smooth manifolds, of dimensions m
and n respectively. Let d = n—m. Suppose that there isamap f: X — Y. In this case we can define a push-
forward map f.: H*(X) — H*t4(Y), as the composition H*(X) & H,, (X)) — Hp_.(Y) = H*T4(Y).
The first and third maps come from Poincaré duality, while the second is the induced map in homology.

Now suppose that X and Y are each equipped with an orientation-preserving G-action. Let f: X — Y
be a G-equivariant map. Since Poincaré duality does not hold for Mg, the previous definition does not
immediately extend to equivariant cohomology. Nonetheless, we can construct an equivariant push-forward
map. The idea is to first tackle two special cases, and then combine them to construct the general definition.

First let f: X — Y be a fibre bundle. In this case the push-forward in ordinary cohomology is just
integration over the fibre. Let w = ) . w; ® ¢; be a form in the Cartan complex. The equivariant fibre
integral is defined as f.w = Y. (fiw;) ® ¢;, where f,w; is the fibre integral of ordinary cohomology. This is
well-defined as a map from H(X) to HA(Y).

Next suppose that f: X < Y is the inclusion of a closed submanifold. Let vx be the normal bundle of X
inside Y. By the tubular neighbourhood theorem, we may assume that vx is a subspace of Y. Recall the usual
Thom isomorphism H*~4(X) = H*(vx).. The push-forward in ordinary cohomology is the composition
H*~4X) = H*(vx)e. — H*(Y). = H*(Y), where the second map is induced from the inclusion vx — Y.
For equivariant cohomology, consider an equivariant tubular neighbourhood vx of X inside Y. There is an
equivariant Thom isomorphism Hj %(X) — Hg(vx). (see e.g. [GS99]). The equivariant push-forward is
defined as the composition Hy, “(X) — Hg(vx)e — HE(Y)e = HE(Y).

Finally we define the equivariant push-forward for any f: X — Y. We can write f as the composition
XL xxy 5 Y, where IT" is the graph map and 7 is the second projection. Since I' realizes X as a
submanifold of X x Y, the map I',.: H5(X) — HZ;JF”(X x Y) is defined. Since 7: X x Y — Y is a fibre
bundle, the map m,: H5(X x V) — HEZ™(Y) is also defined. Now set f.: Hj(X) — H5T(Y) to be the
composition 7, o I',.

With these definitions, the equivariant push-forward is well-defined and satisfies properties analogous to
the usual push-forward. We mention a few in particular, which will be important later. First, if there
are maps f: X — Y and ¢g: Y — Z, then (fg). = figs. Also, if w € Hj(X) and n € HE(Y), then
felw- f*n) = (fiw) -n. If E — X is a G-equivariant bundle, then we can define its equivariant Euler class
(denoted Eug(E)). Then if f: X < Y is the inclusion of a submanifold and vx is the equivariant normal
bundle to X, then f*f.w = Eug(vx)w. More details may be found in [GS99].

5. REDUCTION TO A MAXIMAL TORUS

The definitions of equivariant cohomology discussed so far are valid for any compact connected Lie group.
However it is more convenient for computational purposes to consider compact connected abelian Lie groups,
which are compact tori (products of S!). Since G contains a maximal torus 7, we can restrict the G-action
on M to a T-action on M. In this section, we show that we can in fact compute H (M) in terms of Hy (M)
and the action of the Weyl group.

Let r be the rank of G. Fix a maximal torus 7" inside G. Set t = (LieT)c. We first prove the following
proposition.

Proposition 5.1. There is a natural isomorphism H7 = Sym t*.

Proof. Recall that the classifying space of T is an r-fold product of the infinite complex projective space
CP®°. The cohomology of this space is a polynomial algebra on n generators, each of degree 2.

Consider the fibre bundle T' — ET — BT. We compute the Fs page of the Serre spectral sequence
for this fibre bundle. Since BT is simply connected, we obtain EY? = HP(BT) ® HY(T), with maps

db?: EP? 5 EPY2971 GQince ET is contractible, it has no cohomology except in degree 0. Hence we obtain

a natural isomorphism Eg 1=, ES ¥ We can rewrite this isomorphism more explicitly as follows:

HYT)= H°(BT)® HY(T) LN H*(BT) ® H(T) = H*(BT).

It is known that H*(T) = (A t*)T = A t*. Hence H(T) = t*. Therefore we can naturally identify H?(BT)
with t*. Since H*(BT) = Sym(H?(BT)), it follows that H*(BT) = Sym t*. O
4



Now we can prove that for a general compact connected Lie group G with maximal torus 7', we can essen-
tially reduce the computations of G-equivariant cohomology to computations of T-equivariant cohomology.
Let N be the normalizer of T in G. Let W = N/T be the Weyl group.

Theorem 5.2. There is a natural isomorphism HE (M) = Hx(M)W

Proof. As before, let Mg and Mp denote the homotopy quotients of M by G and T respectively. The action
of N on EG x M (by restriction of the G-action) descends to Mp. Moreover, the subgroup 7' C N acts
trivially on My. Hence we obtain a right action of W on My, which induces a left action of W on H}(M).
There is a quotient map f: My — Mg which induces a map f*: HE (M) — H3(M). To prove the theorem,
it suffices to show that f* is injective, and that the image of f* is Hz(M)W.

We can factor f as the composition M7 — My — Mg. The first map My — My is a fibre bundle with
fibre W. Since W is finite, the induced map on cohomology gives an isomorphism H*(My) = H*(Mr)"V

The second map My — Mg is a fibre bundle with fibre G/N. First we show that G/N has trivial
cohomology. Using the fibering G/T — G/N with fibre W, see that H*(G/N) = H*(G/T)". Tt is known
(see e.g. [GHVTG]) that as a W-module, H*(G/T) is isomorphic to the regular representation. Hence
H*(G/N) = H*(G/T)" = C. Finally, using the Serre spectral sequence for the fibre bundle My — Mg,
we deduce that H*(Mg) = H*(My).

Combining the two pieces, we see that H*(Mg) = H*(My) = H*(M7)"W, which proves the theorem. O

6. LOCALIZATION THEOREMS

In this section, we assume that M is a compact and oriented smooth manifold, such that the G-action
is smooth and orientation-preserving. As outlined in we may express H} (M) as the Weyl group
invariants of HZ(M). Therefore in this section, we work with a compact torus 7. Let M7T denote the T-fixed
subset of M.

The main localization theorem states that almost all of the equivariant cohomology of M is governed by
the equivariant cohomology of MT. To make this notion precise, we use the Hx-module structure on the
cohomology ring H4.(M). Recall from that H} = Symt* = C[t]. Hence the support of any
HZ-module A (denoted Supp A) may be identified as a subset of t.

Theorem 6.1 (Atiyah-Bott localization). The kernel and cokernel of the map i*: H:(M) — Hx(MT) are
torsion modules over H7..

The localization theorem allows us to express the integral of an equivariant form over M in terms of the
integrals of the form over the connected components of MT. Let MT = [[ F be the decomposition of M7T
into its connected components. Precisely, the integration formula states the following.

Theorem 6.2. The integral wa of some w € H} (M) can be computed as follows:

[e=2/ <EJ;:“: )

In the remainder of this section, we first sketch the proofs of these theorems. Then we discuss the
Berline-Vergne localization theorem and the Berline-Vergne integration formula.

Lemma 6.3. Let K be a closed subgroup of T'. Suppose that for some manifold X, there is a T-equivariant
map X — T/K. Then Supp H}.(X) is contained in (Lie K)c.

Proof. The support of Hj; as an Hj-module is equal to (Lie K)c. Consider the map m: X — {p} that
collapses all points of X to p. The induced map 7*: H} — H5(X) makes H}(X) into an Hi-algebra. To
show that the support of H}.(X) is contained in (Lie K)¢, it is enough to show that the map 7* factors
through Hj, as a map of Hj-algebras.

The map 7: X — {p} may be factored as the composition X — T/K — {p}. In cohomology, we obtain
Hy - H3(T/K) — H;(X). It is easy to check that H(T/K) = Hj, as Hj-algebras. Hence we obtain a
factoring H} — Hj, — H5(X). O

Let MT denote the subset of M consisting of points fixed by 7. For any point p € M, let T, denote the
isotropy group of p inside T'. By compactness of M and the equivariant tubular neighbourhood theorem,
5



we can show that the set {T}, | p € M} is finite. We now prove the following proposition, which shows that
away from M7, the T-equivariant cohomology is a torsion module over H.

Proposition 6.4. The supports of the H}-modules H;(M — M7T) and H;(M — M7T), lie in the finite union
Up(Lie T,)c, where p € M — MT. In particular, both are torsion modules over H.

Proof sketch. Let p € M — M™. Then T, is a proper closed subgroup of T. Since T is compact, we can
identify T'/T, with the T-orbit of p, which makes T'/T}, a smooth submanifold of M. Let U, be a T-invariant
tubular neighbourhood of T'/T, in M. Then there is a T-equivariant projection map U, — T/T,. Using
we see that H7y(Up) is supported in (LieT})c.

Now let U be a T-invariant tubular neighbourhood of M”T. Since M — U is compact, there is a finite
open cover U = {Up} of M — U, where U, is as above. Recall that for a short exact sequence of modules
0 - A— B — C — 0 over some ring R, we have Supp(B) C Supp(A4) U Supp(C). Using this fact and the
equivariant Mayer-Vietoris sequence finitely many times for the open cover U, we see that

Supp(Hi(M —U)) € | J Supp(H7(Up) € | (LieT,)c.
UpeU pEM—-MT
Since there is a T-equivariant deformation retract of U onto M7, it is clear that H:(M —U) = H%(M —MT)
as Hi-modules. Hence the proposition is proved for H:(M — M7T).

Using the Cartan complex, it is easy to see that Hy(M — M7, is a module over H3(M — M7). Also, the
action of elements of H} on H%(M —M7T), factors through the ring map H3 — H3:(M —M7T). Therefore the
support of Hi(M — M7T),. as an H}-module is contained in the support of H3(M — M7T) as an H%-module.
Hence the proposition is proved for Hi(M — M7).. as well. O

Now we can finish the proof of the Atiyah-Bott localization theorem.
Proof. Recall from that there is a long exact sequence of cohomology groups as follows:
o HE(M — MT), — HE(M) -5 HH(MT) - B (M — MT), -
The result is now clear from O

By the localization theorem, the restriction ¢* is invertible modulo torsion. The following proposition
allows us to produce an explicit inverse.

Proposition 6.5. The kernel and cokernel of the push-forward map i,: Hix(MT) — H:(M) are torsion
modules over H7.

Proof. Since i, factors through the equivariant Thom isomorphism, the kernel and cokernel of i, correspond
to the kernel and cokernel of the map Hi(vyr). — Hi(M),., which are precisely H: '(M — vyr),. and

HY(M — vyr)e. These are torsion modules by [Proposition 6.4 |

Recall that the composition i*i, is multiplication by Eur(vy,r), which is the equivariant Euler class of
the normal bundle of M7T. Since both i* and 4, are isomorphisms modulo torsion, so is their composition.
In particular, Euyp(vyr) is invertible over some dense open set of t, and the maps i, and Eu}l(VMT)i* are
mutually inverse over this set. Rewriting in terms of the connected components of M7, we see that the
inverse of i, = > i is 3, Euy' (vp)i%. Now we can finish the proof of the integration formula.

Proof of the integration formula. We first work over an open dense subset of t where Eu;l(up) is defined for
every F. Let w € Hy(M). Let m: M — {p} be the map that collapses all points of M to p. Then we can
compute [, w as follows:

B _ e VW Thw
/ijﬂ*w ZF:W*Z* (EuT (vr) > Z/ <EuT (vr) )

However, the left hand side of the equality is an element of H}. (hence a polynomial function on t), while
the right hand side is a sum of rational functions. Since this identity holds on an open dense subset of t, it
holds as a formal identity of rational functions. O



We now discuss the Berline-Vergne localization theorem. This theorem is stated in terms of a modified
version of the Cartan complex, and the proof is by an explicit computation using differential forms. Fix
some ¢ € t. Consider the complex Q¢ (M) = {w € Q(M) | Lew = 0}. The differential de on Q¢ (M) is defined
as dew = dw + tew, where d is the de Rham differential on Q(M). Let ve be the vector field on M generated
by &, as defined in . Let M¢ denote the submanifold of M consisting of the zeroes of ve. It is clear that
de = d on M€, which means that H*(Q¢(M?®)) = H*(QU(M¢®)) = H*(M¢). Let i: M* — M be the inclusion.
In this situation, we have the following version of the localization theorem.

Theorem 6.6 (Berline-Vergne localization). The map i*: H*(Qe(M)) — H*(M¢) is an isomorphism.

Remark 6.7. Let ¢ be sufficiently generic, so that M& = M. Now observe that the complex Qe (M) is
the evaluation of the Cartan complex at & € t. Therefore in this case, the map i*: H*(Q¢(M)) — H*(M¢®)
corresponds to restricting the Hi-module map Hx(M) — Hi(MT) to the corresponding fibres over the

point &. Hence may be thought of as a fibre-wise version of
To prove we first need the following lemma, which closely resembles
Lemma 6.8. If N is a T-invariant submanifold of M that does not intersect M, then H*(Q¢(N)) = 0.

Proof. Fix a T-invariant Riemannian metric g on M. Construct a 1-form « on N, defined on a vector field
Y as follows:
9(ve,Y)

9(ve,ve)

It can be checked that e = 1 and Leaw = 0. A computation shows that dg(1 + da) = 0. Finally, 1 + da
is invertible in Q¢ (), since da is nilpotent. Now if w is a de-cocycle in Q¢(N), we can present w as a
de-coboundary as follows: w = d¢(a(1 + da) " tw). O

Proof of [Theorem 6.6, The first step of the proof is to show that for any T-invariant open neighbourhood
U of M¢, the map H*(Q¢(M)) — H*(Q¢(U)) is an isomorphism. The second step is to show that for any
T-equivariant tubular neighbourhood U of M¢, the map H*(Q¢(U)) — H*(M¢) is an isomorphism.

For the first step, we show that H*(Q¢(M)) — H*(Q¢(U)) is both surjective and injective. Let p be a
function on M that is compactly supported on U, and which is identically equal to 1 on a neighbourhood of
M¢. Construct a 1-form a € Qe(M — M¢) as in the proof of the previous lemma.

To show surjectivity, let w be a d¢-cocycle in Q¢ (U). Consider the form o’ = w — de((1 — p)a(l + daw),
which represents the same class in cohomology. The form w’ is compactly supported in U. Hence the class
of w' in H*(Qe(M)) restricts to the class of w in H*(Q¢(U)). To show injectivity, let w be a d¢-cocycle
in Q¢(M) such that w = d¢np on U. Then w’ = w — d¢(pn) represents the same cohomology class, but is
supported in M — U. By w’ must be zero in cohomology.

For the second step, suppose that U is a T-equivariant tubular neighbourhood of M¢. Then there are
T-equivariant maps i: M* — U (inclusion) and 7: U — M¢ (projection). The composition 7 o4 is the
identity map, while the composition 7 o 7 is homotopic to the identity map by a T-equivariant homotopy.
It is possible to construct a chain homotopy h: Q*(U) — Q"1(U) in the usual way, with the additional
property that tch = —hie.

It is clear that i*: H*(Qe(U)) — H*(M¢) is surjective, since i*7* is the identity map. To show injectivity,
let w € Q¢(U) be a d¢-cochain such that i*w = 0. Then a computation shows that d¢(hw) = w, which means
that w is a coboundary. |

aY) =

As before, this version of the localization theorem can also be used to deduce an integration formula. In
this case, the proof involves an explicit computation using differential forms and Stokes’ theorem. We only
discuss the case in which the vector field v¢ has isolated zeroes. The general case is more complicated, but
is proved in a similar way.

Theorem 6.9. Let £ € t such that ve has isolated zeroes {p;} on M. Then for any cohomology class
w € H*(Qe(M)), we can compute its integral over M as follows:



Proof sketch. Let w be a de-cocycle in Q¢(M). As in the proof of [Theorem 6.6, construct a form a on
M — M¢ with the property that (ca = 1 and Lga = 0. On M — M¢, we can write w = dg¢(a(1 + do) " lw).

Consider a small open ball Uf of radius € around each fixed point p;. Let V¢ = |J, Uf. By Stokes’ theorem,
we have

w = lim w = —lim a(l+da) tw = —lim / a(l 4 da) tw.
/M €0 Jar_ve e—0 Ve E%OXZ_: aus

Consider the map ¢: V¢ — M¢ such that ¢(OUf) = p;. It is possible to construct forms j3; in local
coordinates on U2 — {p;} with the property that ¢.(8;(1 4 dB;)~') = — Euy'(v,,), and such that 1¢8; = 1
and L¢B3; = 0. In this case for every i, we have

/ a(l 4+ da) tw = Bi(1 +dBs) tw.
U aUs
Recall from that w is cohomologous to ¢*(w(p;)) on Uf. Using this fact, we see that

= lim . AL (o)) — T ST @)~ _wi)
/Mw_ By D fy, O BT ) = I3 50 5 =D G,y

i i
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